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Abstract. To each function / of bounded quadratic variation we associate 
a Hausdorff measure fif. We show that the map f ^ fj,f is locally Lipschitz 
and onto the positive cone of A^[0, 1]. We use the measures {/xj- : / £ V2} to 
determine the structure of the subspaces of V2 which either contain cq or the 
square stopping time space S^. 



1. Introduction. 

The functions of bounded quadratic variation, introduced by N. Wiener in [23j . 
have been extensively studied in their own right as well as for their applications. For 
example, related results can be found in [3] , [5] , [S] , [H] and also in the monograph 
[8] where several applications are included. 

Our intention in the present work is to study the structure of the subspaces of 
¥2- In the sequel we shall denote by V2 the space of all real valued functions / with 
bounded quadratic variation, defined on the unit interval and satisfying /(O) = 0. 
The space V2 endowed with the quadratic variation norm is a Banach space. The 
aforementioned space V2 is a separable subspacc of V2 of significant importance; it is 
defined as the closed subspace of V2 containing all the square absolutely continuous 
functions, a concept introduced by R. E. Love in the early 50's (cf. |17j). 

The space V2 was introduced by S. V. Kisliakov in [T4j as an isometric version 
of the Lindenstrauss' space JF. His aim was to provide easier proofs of the fun- 
damental properties of JF. The space V2 is separable, not containing £1 and with 
non-separable dual. These properties were the most distinctive ones for JF, as 
such a space answers in the negative a problem posed by S. Banach. Earlier R.C. 
James TT had presented the James Tree ( JT) space which is the analogue of V2 
in the frame of the sequence spaces. It is notable that the class of the separable 
Banach spaces not containing ii and with non-separable dual, which appears as 
an exotic subclass of Banach spaces, includes spaces like V2 naturally arising from 
other branches of Analysis. 

There exists a fruitful relation between the spaces V2 and V2 pointed out by 
Kisliakov (cf. [H]). Namely V2 naturally coincides with the second dual of V2 and 
moreover the w*-topology on the bounded subsets of V2 coincides with the topology 
of the pointwise convergence. Among the consequences of the preceding remarkable 
property is that every / G V2 is the pointwise limit of a bounded sequence (/„)« 
from V2 (cf. [18]). The variety of the classical Banach spaces which are isomorphic 
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to a subspace of V2 is large and rather unexpected. Indeed, beyond the space £2 
which among the classical spaces, is the most relative to V2, as it was stated in |15j . 
the space cq is also isomorphic to a subspace of V^- Moreover for all 2 < p < +00, 
the space £p shares the same property (cf. 6J. 

In our previous work (cf. [1]), but also in [3|, we have started studying the struc- 
ture of the subspaces of /^From our point of view a sufficient understanding of 
the structure of V2 requires answers to the following problems. 

Problem 1. Let X be a reflexive subspace of V2 ■ Does there exist some 2 < p < 00 
such that Ip is isomorphically embedded into XI 

As we have mentioned earlier all £p, 2 < p < 00, are embedded into ¥2- Also, 
in [6j it was shown that no i?p 1 < p < 2 is isomorphic to a subspace of ¥2- It is 
worth pointing out that the embedding of £p 2 < p < 00 is rather indirect and uses 
the space S*^ which is one of the central objects of the present paper. The space S*^ 
is the quadratic stopping time space and is the square convexification of the space 
S^. The latter space was defined by H. P. Rosenthal as the unconditional analogue 
of the space L^{X)- Both spaces (i.e. S^, S'^) belong to the wider class of the spaces 
S^, 1 < J3 < 00 which we are about to define. We denote by 2<^ the dyadic tree 
and by 000(2^^*) the vector space of all real valued functions defined on 2<^ with 
finite support. For 1 < p < 00 we define the || • \\sp on coo(2^^) as follows. For 
X e coo(2^^), we set 



where the supremum is taken over all antichains of 2<^. The space is the 
completion of (000(2^^*^), || • ||sp). As we mentioned above the space (the stopping 
time space) was defined by Rosenthal and the spaces 5"^ (1 < p < 00) appeared 
in S. Buechler's Ph.D. Thesis [B]. The space has an unconditional basis and G. 
Schechtman, in an unpublished work, showed that it contains all 1 < p < 00. 
This result was extended in [6] to all spaces by showing that for every p < q, iq 
is embedded into S^. An excellent and detailed study of the stopping time space 
S^, in fact in a more general setting, is included in N. Dew's Ph.D. Thesis [7]. The 
interested reader will also find there, among other things, a proof of Schechtman's 
unpublished result. Let us also point out that the analogous problem to Problem 
1 for the spaces S^, 1 < p < 00 remains also open. An important result in [6] 
shows that is isomorphic to a subspace of V2 and this actually yields that 
V2 contains isomorphs oi all £p, 2 < p < 00. Before closing our discussion for 
Problem 1, let us also note that for every infinite chain C of 2<^ the subspace of 
5"^ generated by {e^ : s e C} is isomorphic to cq, while for every infinite antichain 
A the corresponding one is isomorphic to £2- Thus, if a subspace X of V2 contains 
an isomorph of S'^ then it contains all possible classical spaces that are embedded 



Our next two problems concern non-reflexive subspaces of ¥2- Let us begin 
with a result from [3] which asserts that every non reflexive subspace X of V2 
contains an isomorph of £2 or cq. To see this we start with some / G X** \ X, 
where X** is considered as a subspace of V2. Since X does not contain £1 Odell- 
Rosenthal's theorem (cf. [18]) yields that there exists a bounded sequence (/„)„ 
in X pointwise converging to /. If / is discontinuous then there exists a sequence 
{9k)k, gk = fuk ~ fnik equivalent to the £2 basis and hence £2 is embedded into X. 
The case of a continuous / is more interesting. As it is shown in [3], such an / 




to V^. 
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is a difference of bounded semicontinuous functions (DBSC) when / is considered 
as a function with domain {B^^yoy ,w*). A result of Haydon, Odell and Rosenthal 
(cf. [10]), yields that the sequence (/„)„ has a convex block subsequence {gn)n 
equivalent to the summing basis of cq. Let us note that the existence of a continuous 
function / in X** \ X is actually equivalent to the embedding of cq into X. 

The second problem concerns subspaces of V2 with non- separable dual and it 
is stated as follows. 

Problem 2. Is it true that every subspace X of V2 with X* non separable contains 
an isomorph of V2 itself? Moreover, is every complemented subspace X of V2 with 
non separable dual isomorphic to V2I 

An affirmative answer to the second part of Problem 2, yields that V2 is a 
primary space. In [T] it has been shown that the corresponding problem to the 
preceding one in James' space JT has an affirmative answer, an evident supporting 
the possibility for a positive solution to Problem 2. It is worth mentioning that 
as is shown in jT], every subspace X of V2 with non-separable dual contains the 
space TF. The space TF is a sequence space with non separable dual, introduced 
in [T]. It is isomorphic to any subspace of V2 generated by a tree family {fs)se2<'' 
of trapezoids. The latter spaces were considered in W\, for showing that V2 does 
not contain isomorphs of JT. In [T] it is also stated without proof that the space 

is embedded into TF which, as we have previously mentioned, yields that every 
subspace of V2 with non-separable dual contains isomorphs of all possible classical 
spaces that are embedded in V2- In the present paper we give a proof of the 
embedding of into TF, granting that cq is embedded into TF from [B]. 

The third problem concerns subspaces of V2 with non separable second dual and 
it is stated as follows. 

Problem 3. Is it true that every subspace X of with X** non separable 
contains cq? 

The main goal of the present work is to provide a positive solution to this prob- 
lem. Before start explaining our solution, we point out that the preceding results 
on subspaces X with non separable dual reduce the problem to those X with X* 
separable and X** non separable. Also, as we noted above, the embedding of cq 
into X is equivalent to the existence of a function / G {X** \ X) n C[0, 1]. In 
the early stages of our engagement to this problem, we observed that when A"* is 
separable, the set Dx" = {t & [0, 1] : 3/ e X** , oscf{t) > 0} is at most countable, 
a fact supporting an affirmative solution to the problem. However we had no fur- 
ther progress, until the moment where we discovered a new concept which plays a 
key role to our approach. This is a Hausdorff type measure ^/ associated to every 
/ G V2. The measure /i/ is defined as follows. First we introduce some notation. 

Given / : [0, 1] ^ K and V ^ < . . . < tp) C [0, 1], with p > 1, let HT'lUax = 
max{i,+i - : < ^ < p - 1} and vl(f,V) = Y.'lZl U {U+i) - f{U)?- For every 
f E V2 and for every interval / of [0, 1] we set 

o>0 

where for each 6 > 0, 'jj,fj{I) — svLp{v^{f,V) : P C / and ||7^||max < S}. 
The collection {pt^(/) : / is an interval of [0, 1]} defines an outer measure and /i/ is 
the regular measure induced hy Jlf on the Borel subsets of [0, 1]. We should mention 
that N. Wiener himself had also considered the quantity \/Jlf [0, 1], pointing out 
that it is a seminorm on V2. The measure /z/ incorporates a sufficient amount of 
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information concerning the function /. Thus /i/ = if and only if / G V2, fJ.f is 
continuous (diffuse) if and only if / is continuous and also the discrete (atomic) part 
of /z/ is supported by the points of discontinuity of /. Furthermore the following 
hold. 

Proposition 1. Let / G V2. Then the set of the points of differentiability of / 
has ///-measure zero. 

As a consequence we obtain the following. 

Corollary. Let / be a continuous function in V2. If the set of all non differ- 
entiability points of / is at most countable then / belongs to V2 ■ Moreover if 
/ G (V2 \ V2) n C[0, 1] then the set of all non differentiabihty points of / contains 
a perfect set. 

The second result concerns the variety of the elements of V2. 

Proposition 2. Let $ : V2 ^ A1^[0, 1] be the function that maps / to /i/. Then 
$ is locally Lipschitz and onto. In particular for every continuous positive measure 
11 e M+[0, 1] there exists / e (V2 \ V^) n C[0, 1] such that /i/ = /i. 

The measure has a central role in the solution of Problem 3. In particular 
the following inequality is the key ingredient. For every / G V2 the following holds. 

(1) ^h^\<dist{f,V^) < WSS-cicfWoo < ^M+2y^ 

where /C is a w*-closed subset of B^^yoy, 1-norming V2, oscf is as in [22] or [2] 
and was introduced in [T3] and also /ij is the discrete part of /i/. Note that when 
/ is continuous then the inequality ([T]) becomes equality and hence dist{f, V2) = 
\/\\Hf\\ ■ Furthermore the measures {a*/ : / £ V2} permit us to have a better and 
more precise understanding of the structure of X when X** is non separable. Thus 
we prove the following. 

Theorem. Let X be a closed subspace of V^- Then the following hold. 

(1) The space X contains an isomorphic copy of cq if and only if X** is non 
separable. 

(2) The space X contains an isomorphic copy of if and only if A^x" — 
{fif : / G X**} is non-separable. 

Note that when X* is non separable the stronger case (case (2)) of the above 
theorem occurs. When X is isomorphic to cq then X* is separable and Aix" 
is separable. On the other hand, any subspace X of V2 isomorphic to S'^ is an 
example of a subspace X with separable dual and Mx" non separable. 

In the rest of the introduction we shall describe the basic steps towards a 
proof of the main theorem. Let us start by saying that a function h G V2 
is (C, e)— dominated by a measure /x G A1"'"[0, 1], if for every finite family T — 
([flj, ^i])"=i of non overlapping intervals it holds 

This domination property permits us to engage measures with sequences (/i„)n 
which are equivalent to the usual basis of cq as follows. 

Proposition 3. Let (ft-„)„ be a seminormalized sequence of functions of , (£«)« 
be a null sequence of positive real numbers and /i G A^^[0, 1] such that for some 
C > each /i„ is (C, e„)— n dominated and lim„ ||ft.,i||oo = 0. Then there is a 
subsequence of (hn)n equivalent to the usual basis of cq. 
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The next result explains how we pass data from an / G X** \X to elements of 
X itself. 

Proposition 4- Let X be a subspace of V2, f € X** \ X and {fn)n be a bounded 
sequence in X pointwise convergent to /. Then for every < i5 < dist{f,X) and 
every sequence (£„)„ of positive real numbers there exists a convex block sequence 
{hn)n of (/n)n such that for all n < TO the following properties are satisfied. 

(i) 5 < \\h,n - hn\\v2 where M = sup„ |l/„|lv2. 

(ii) \\h,n - hnWoo < 2||OSC[0,1]/|| 

(iii) hra - K is (4,e„)-^/ dominated, where e„ = 32\\f\\v2^J\\ij^\+s„. 

The proof of the proposition uses inequality ([T]) and also optimal sequences 
pointwise convergent to the function / (cf. 0). Note that if we additionally 
assume that / is continuous, in which case fij = osc[Q i]f = 0, Propositions 3 and 
4 almost immediately yield that the space X contains cq , a result initially proved 
with a different method in [3] . 

The proof of the main result is divided into two cases. In the first case we consider 
subspaces X of V2 with X* separable, X** non separable and Aix" separable. 
Then using Proposition 4 and the separability of X*, we may select a seminormal- 
ized sequence (-ff„)„ in V2 and a norm converging sequence of measures {^n)n in 
M.X" such that each i7„ is (4,e„) — /i„ dominated. Then an easy modification of 
Proposition 3 yields that there exists a subsequence of {Hn)n equivalent to co basis. 

The second case, namely when Mx" is non separable, is more involved. Here, 
we first give sufhcient conditions for the embedding of the space S'^ into a subspace 
X of V2 ■ Moreover, using again Proposition 4, we construct a seminormalized tree 
family of functions (-ffs)sg2<'* of elements of X and a bounded family of measures 
(Ms)se2<"- For each s e 2" we define a finite subset Lg C 2^" with card{Ls) — 2" 
and we set Gg = 2~"/^X)tGL ^^'-^ ~ X^tei Mt- The proof ends by 
proving that these new tree families satisfy the requirements for containing a tree 
subfamily equivalent to the S"^ basis. 

We consider the present work as a step towards the understanding of the struc- 
ture of ¥2- Our approach has revealed a new component, the Hausdorff measure 
fj,f associated to a function / of bounded quadratic variation, which is of inde- 
pendent interest and could be useful to a further investigation of V2 as well as in 
applications. 

We close this introduction by pointing out that all the results contained here 
remain valid under obvious modifications for the space Vp, for all 1 < p < 00. 

2. Preparatory work on ¥2- 

This section is divided into three subsections. First we fix the notation that we 
shall use. In the second subsection we prove that the set of discontinuity points 
of the elements of X** when X* is separable is countable and also in this case 
{X*, II • II 00) is separable. Finally, we introduce the biorthogonal families of functions 
of V2- Such families share nice properties and as we will see they play a critical 
role in the proofs of almost all of our results. 

2.1. Preliminaries. We start with the notation which concerns intervals as well 
as families of intervals of [0, 1]. The length of an interval / will be denoted by |/|. 
For a finite family X of intervals, ||X||,„ax = max{|/| : / G 1} and ||I||min = min{|/| : 
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By A we denote the set of all finite families of intervals of [0, 1] with pairwise 
disjoint interiors. A sequence in A, will be called disjoint, if for every i ^ j, 
I G Ti and J € X,-, the interiors of / and J are disjoint. Also by we denote the 
set of all finite families of pairwise disjoint closed intervals of [0, 1]. More generally, 
given a subset S C [0, 1], ^{3) is the set of all X e JF such that the endpoints of 
every / g I belong to S. 

Given / : [0, 1] ^ M and "P = {io < ■ ■ • < tp} C [0, 1], with p>l, the quadratic 
variation of / on V is the quantity 

"2(/,^) = (E(/(^m)-/(tO)')'^' 

i=Q 

Similarly for aX = in A, we set V2{.f,T) = (Eto(/(^0 - where 

for each 1 < i < fc, ai^bi are the endpoints of h (if X is the empty sequence then 
we define V2{f, 0) = 0). The quantity V2{f,T) has also been defined in [19j where 
the exponent 1/2 is omitted. 

Notice that every V as above, determines the family T-p = {{ti,ti+i))^~Q in A 
and V2{f,V) = V2{f,Tv)- It is easy to see that for every f,g : [0, 1] ^ M and every 
X G -4, we have that 

(2) \v2if,I)-V2ig,I)\<V2if + g,I)<v2if,I) + v2ig,I) 
Moreover for every disjoint partition X ~ UiXi of a X e yl, 

(3) V2{.f,I)<J2v2{f,I^) and t;2(/,X) = ^ «2(/,X,) 

i i 

For X, X in A, we write X ^ X if for every J e X there is / G X such that I I. 

For every e > 0, D C [0, 1] and Hi, Hk in V2 we will say that D e— determines 
the quadratic variation of the linear span < Hi, H^. >, if for every X £ A there 
is X ^ X in T{D) such that 

i—l i—1 i—1 

for every sequence of scalars {Xi)^^i. Using standard approximation arguments the 
following is easily proved. 

Proposition 1. Let k E N, Hi, ... , Hk in and e > 0. Then there exists (5 > 
such that every D C [0,1] which is 5^ dense in [0,1], e— determines the quadratic 
variation of < Hi , . . . , Hk > . 

Next we state some notation for the dyadic tree. For every n > 0, we set 
2" = {0,1}" (where 2° = {0}). Hence for n > 1, every s G 2" is of the form 
s = (s(l), s(n)). For < m < n and s G 2", s\m = (s(l), s(to)), where if 
m = 0, s\0 = 0. Also, 2^" = U^Lo2' and 2<'^ = U^^o2"- The length \s\ of an 
s G 2<^, is the unique n > such that s G 2". The initial segment partial ordering 
on 2<'^ wiU be denoted by C (i.e. s C t if m = |s| < \t\ and s = t\m). For s,t £ 2<^, 
s J- t means that s, t are C-incomparable (that is neither s C t nor t C s). For an 
s G 2<^, s'^O and s'^l denote the two immediate successors of s which end with 
and 1 respectively. More generally for s,u G 2<^, s^u denotes the concatenation 
of s and u, namely the element t G 2*^^ with \t\ = \s\ + \u\, t{i) — s{i) for all 
1 < i < |s| and t{\s\ + i) = ■«(«) for aU 1 < i < 
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An antichain of 2^'*', is a subset of such that for every s,t £ A, s J- t. A 
branch of 2^^ is a maximal totally ordered subset of 2^^. A dyadic subtree is a 
subset T of 2^*^ such that there is an order isomorphism cf) : 2^^ T. In this case 
T is denoted by T = (is)sg2<''j where ts = 0(s). 

In the sequel by the term subspace we always mean closed infinite dimensional 
subspace. We also use the standard notation for Banach spaces from [l6] . 

2.2. The discontinuities of X** for subspaces X of V^- For every / S V2, 
by Df we denote the set of all points of discontinuity of /. For all t G [0,1] 
let = lim3^t+ /(s) and f{t^) = lim^^j- /(s) (where by convention we set 

/(O") = /(O) and /(!+) = /(!))• It is easily shown that for every / e V2, the set 
Df is at most countable an so / is a Baire-1 function. Moreover for every t € Df, 
fin and f{t+) always exist and Y.teD, l/W - fin? + l/W - < ll/llv,- 

In this subsection we will study the set Dx" = Uf^x'-'Df, for subspaces X 
of V2 with X* separable and X** non-separable. We will show that Dx*" is a 
countable subset of [0, 1] which as we will see implies that the space {X** , \\ ■ \\ao) is 
separable. We start with a characterization of the subspaces X of V2 with separable 
dual through the discontinuity points of all / € X**. 

Proposition 2. Let X be a subspace of V2 ■ Then X* is separable if and only if 
Dx" is countable. 

Proof. Suppose that Dx** is uncountable. Then, since for every / S X**, Df 
is countable, we may choose uncountable sets J-' = {/^}^<a;i C Bx-"- and A = 
{^c}c<wi ^ [0, 1] such that the following are satisfied. 

(1) For every ^ < wi, is discontinuous at ij. 

(2) Exactly one of the following hold. 
(2a) For alU < c^i, /c(i^+) 7^ /«(*«). 
(2b) ForalH<toi,f^{t-)^f^{t^). 

Suppose that (2a) holds (the other case is similar). Passing to an uncountable 
subset of we may assume that there exists S > such that \f^{t^) — f^{t^)\ > S, 
for every ^ < wi. Moreover, by passing to a further uncountable subset, we can 
suppose that there exist < e < S and an open interval / of (0, 1) such that for every 
< uji we have that (i) t^ e /, (ii) for every t € I and t < t^, \f^{t) — f^{t^)\ < e 
and (iii) for every t £ I and t > t^, 1/^(0 ~ fi{i^)\ < £• 
Let ^ < 1^ . lit^<t^i then we have that 

\K{k) - \> im > \fdk) - fdtt)\ - \fdtt) - fdh')\ >6-e. 

and if t^' < t^ then similarly \6t^ (/^' ) — St^, (/^' )l > 5 — e. 

This implies that ||(5tjx — <5t^, |x|| > (5 — e for every C 7^ ^ ^-^d therefore X* is 
nonseparable. Finally for the converse, suppose that X* is non-separable. Then by 
Proposition 23 of 1^ we have that X** contains a non separable family H V2 — 
< {xt ■ t E {Q, 1)} > and therefore Dx** must be uncountable. □ 

Proposition 3. Let J- be a .subset of V2 such that Djr — [Jf^jrDf is countable. 
Then the space [J- , \\ ■ ||oo) is separable. 

Proof. We set Y = Vi+ < {x[t,i] : t G 1?^ n (0, 1]} > (where = ^2 C[0, 1]). 
By exploiting the proof of Theorem 15 of we have that T C y" "^^ © ^2(-Djf). 
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As II • Hoc < II • \\v21 we get that f" "^'^ C y" Moreover since Djr is countable, 
{f^2{Dyr), II '11 00) is separable. Since (y, || -Hoo) is also separable, the result follows. □ 

Corollary 4. Let X be a subspace ofV^ such that X* is separable. Then the space 
(X**, II • lloo) is separable. 

2.3. Biorthogonal families in V2'. 

2.3.1. Definition and existence. In this subsection wc introduce the concept of 
biorthogonality for families of functions in V2. 

Definition 5. Let {Hi)i^s be a family of functions of V2 and {ei)i£s o, family 
of positive real numbers, where S is a countable set. We will say that [Hi)i^s is 
{^i)i&S~ biorthogonal, if for every X (z A there is a disjoint partition X — UigsX^*'' 
such that for every j € S, 

(4) MH,,X^^y)<e, 

Proposition 6. Let {Hn)neTi be a sequence of functions ofV2 with lim ||-ff„||oo = 0. 
Then for every sequence (£i)igN of positive real numbers there exists a subsequence 
(Hn-)iizjq such that (77„JigN is (ei)iGN~ biorthogonal. 

For the proof of the above proposition we will need some specialized forms of 
biorthogonality. Let fc > 1, (ei)i=i ^-^id i^i)i=Q be finite sequences of positive real 
numbers such that < Sk^i < ... < Si < Sq = I. We say that a sequence {Hi)^^^ in 
V2 is ((ei)i=i7 ('^i)i=o^)~ biorthogonal if the inequality ^ of Definition[n]is satisfied 
for S = {1, k} and 

(5) X(^) ={/eX:<5, < |/| <(5,_i}, 

for all 1 < j < A: (where for j = k, we set 5k — 0). 

We will also use the following notation. For a sequence of positive real numbers 
(ei)igN and every 1 < i < k, we set — (X]r=i^^ 2~'')ei. Clearly for all 1 < i < fc, 
e'l; < e^'^^ and \imk £,f = £i. 

The proof of Proposition [S] is based on the next lemma. 

Lemma 7. Let {Hi)f^-^ be an ((ef)f^i, (<5i)*irg^)— biorthogonal sequence ofV^. Let 
< < 5k-i be such that for every X Cz A with ||I||max < 6k, the following holds. 

(6) E^2(i/„I)<^ 

i=l 

Then there is e > such that for every Hk+i G V2 with ||iJfe+i||oo < the sequence 
{Hifl+l IS (ie^+'t±li6i)t=^- biorthogonal. 

Proof. Notice that for every J ^ A with 5k < llJ^Hmin, card{J) < (5^7^- Set 
e = ^42"'^''+^^ min{£i}*Li and let Hk+i £ V2 be such that ||7Jfe+i||oo < £■ Then 
for every 1 < j < fc and X £ A, we have that 5k < 5j < HX^-*^ ||min and therefore 

vM+i,x(^^) < {5^\2\\Hk+i\\^ry^" <^< ^ 
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Hence for each 1 < j < k and for every X £ A, 

{i:l<i<k+l,i^j} {i:l<i<kS=jtj} 



r = l 

Finally ||max < 4 and so by (O, we get that 



i=l 



□ 



Proof of Proposition [6l We inductively construct an increasing sequence ni < 
n2 < ... of natural numbers and a decreasing sequence of positive real numbers 
< ... < i52 < (5i < 1 = i5o, such that for every fc > 1, the sequence (iJnJiLi is 
((^f )i=i> ('^i)i=~i^)"biorthogonal. We claim that (Hnji is (ei),i-biorthogonal. Indeed, 
let X G and let X = Uil^'^ be the partition of X induced by ([S]). Let also fco > 1 
be such that 4o < ||2^||min. Then for each j eN with j > fco, X'-^'> = and so (g]) 
trivially holds. Otherwise for all fc > 1, ^{i<i<k- i^j} V2iHni,X^^^) < Sj and so 

We will also need the analogue of the above in the case where 5* = 2^^. We omit 
the proof since it is an easy modification of the one of Proposition [6l 

Proposition 8. Let {Hg)gi^2<" ^ family of functions in V2 such that for ev- 
ery a G 2^, lim„ ||-ffCT|ril|oo = 0. Then for every family {£s)s<£2<" of positive real 
numbers, there exists a dyadic subtree {ts)se2<'* of 2"^^ such that (Ht^)s(=2<" ^■s 
(£s)s(E2<'*'~ biorthogonal. 

2.3.2. Estimations on biorthogonal sequences. In the next two lemmas and propo- 
sition, S stands for a countable set and {Hi)i^s is an (ei)^^^— biorthogonal family 
in V2 such that X^ies = ^ < oo- 

Lemma 9. Let X Cz A, F Q S finite and (Ai)igF be a sequence of real numbers. 
Then 

(i) For every i G S, V2{H,,X\X'^^'^) < e. 
ill) For every j ^ F, U2(I]ie-F KHi^X^^'^) < max^gF |Ai|£j. 



(iii) For every j G F, «2(E,eF ^^H^,I^'^) < 

(iv) For every j G F, «2(E,eF A.i/,,!^^') > 

Proof (i) Let i G S. Then 



Xj\v2{Hj,X^^'>) + ma,XifzF \Xi\ej. 
\Xj\v2{Hj,X'^^^) -maxigF |Ai|ej 



V2{m,X\X^^) = i;2(ff,,U,#,l(^'^) < ^«2(i^.,I^^'^) < < e 



(ii) Let j i F. Then 



«2(V A,i/„X(^)) < V v2{KH,,X^-^'>) = V |A,|«2(H„X(^)) < max |A,|e, 

' ^ i^F 
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(iii) Let j G F. Then using (ii) we get that 

< |A,>2(i?„l(^'^) + max|A,|e, 

(iv) Since V2ij:^^pX,H,,I^^)) > |j;2(A,i?„X(^)) - E.^^- z;2(A,i?„I«)|, the proof is 
similar to that of (ii). □ 

Lemma 10. Let M > and suppose that ||-ffi|lv2 ^ ^ for all i G 5*. Then for all 
finite subsets F Q G Q S, every sequence of scalars {Xi)ieG o,rid every 2 Cz A the 
following are satisfied. 

(ii) ^^{E^eG^^H,,I) >E.eF|A.P?|(i/„X«)-max,eG|A.p2M£. 

(iii) 4{E^eF^^H^,I) < vi(j:.^^cKH,a) +max,eG|A.|2(4M + e)e. 
Proof, (i) By (ii) and (iii) of Lemma [51 we have that 

«^(5:A,i7.,i)=^^(5:A.i/„i(^))+ -i(x^.H^^^^'^^ 

i£F j£F ieF jes\F ieF 

<^(|A,>2(i/„X(-'")) + max|A.|e,)'+ ^ maxlA.pe^ 

ji^F * j&S\F ' 

< E l^A'^liH,,!^'^) + max |A,f (2Af + s)e. 

(ii) Using (iv) of Lemma [51 we obtain that 

^;2(EA.i/„l) > ^i(E A,i?.,U,eFX(^)) = ^ «2(E ^'^-^^'^) 

i£G iea jeF ieG 

> E \\X,\V2{H,,J^J^) - max|A.|£, ' > E \X,\'vl{H,,I<^^^) ~ max|A,|22Ms. 

Finally (iii) follows easily from (i) and (ii). □ 

Proposition 11. Let M > 9 > 2e > and suppose that 6 < \\Hi\\v2 < M, for all 
i Cz S . Then {Hi)i^s is an unconditional family. 

Proof. Let F C G be finite subsets of 5 and let \Xi^\ — max^gG |Ai|. By (iii) of 
Lemma [TOl we easily get that 

(7) lE^'^' ' ^^llE-^^^' ' +|A,„|2(4Af + e)e, 

Let Iq E A such that V2{Hig,To) > 9. Since {Hi)i^s is (£i)ies^biorthogonal, we 
get that 

(8) V2{H,„,4">^) > V2{H,„,Io) - V2iH,„,I\4"'^) >9-e 
Moreover by (ii) of Lemma [51 we have that 

V2(M,H,,,4'°'>) - ^;2(E^'^-4'"^)| < ^'2( E < l^^ok, 
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and so 



(9) \XMH,,X'"^) < «2(E^^^-4'''V^^«'^- 1^^'^^ 



By © and (O, we get that 



iSG 



V2 



Hence by ([7]), we have that 



V2 



< 1 



(4M + e)£\i/: 



2ey 



iSG 



V2 



and the proof of the proposition is complete. 



□ 



3. HAUSDORFF MEASURES ASSOCIATED TO FUNCTIONS OF BOUNDED 
QUADRATIC VARIATION. 

The aim of this section is to introduce and study the fundamental properties 
of the measure fif corresponding to a function / G V2. It is divided into three 
subsections. The first includes the definition and initial properties of the measure 
fif. The second is mainly devoted to the proof of Theorem [T9l and the last contains 
a study of the points of non differentiability of a function / G V2. 

3.1. Definition and elementary properties. For every / G V2 and for every 
interval / of [0, 1] we set 

o>0 

where for each S > 0, Jif.s{I) = sup{t^(/,7') : "P C / and \\V[ 
We also define the function J/ : R M by 



<5}. 



Ff{x) 



0, if X < 

/l/[0,a;], if < x < 1 



Notice that Ff is a non-negative increasing function on R and so taking the upper 
envelope Ff{x) = Ff{x~^) of Ff, we have that Ff is in addition a right continuous 
function. Moreover since lim^_^_oo Ff{x) — and limaj^+oo Ff{x) = /i/[0, 1], Ff is 
the distribution function of a finite positive Borel measure on R which we will denote 
by /i/. Notice that jif — Q if and only if / G V2 and also that /iy < ||/||v2- Actually, 
it is easy to see that defining for any function / : [0, 1] M, the measure jif as 
above, then /iy is finite if and only if / G V2. Since oo,0) = /i/(l,+cxD) = 0, 
in the sequel we will identify /i/ with its restriction on [0, 1]. 

Remark 1. The definition of the measure /i/ is generalized as follows. Let {X,p) 
be a metric space and / : X — > R be a real valued function. Following C.A. Rogers 
in [21], for a function h : [0, +00] [0, +00] satisfying the conditions of p. 50 of [21] 
and every open subset G of X, we define the premeasure hf{G) — h{diamf[G]). 
Next following Method H (see [21]), we induce the measure jJf defined on the Borel 
subsets of X. It is easy to see that in the case of / G V2 and for h{x) — x^, the 
measure /x^ coincides with the measure /i/ defined above. Although the measures 
jjjj are not mentioned as Hausdorff measures in the literature, their definition and 
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geometrical properties motivate us to include them in the latter class. It seems 
interesting to examine the regularity conditions that a function / : X — > M must 
satisfy so that the corresponding measure /ly is a finite Borel measure. For example, 
this easily yields that / has at most countably many discontinuities. Hence if X is 
a Polish space / is a Baire-1 function. 

The following two lemmas are easily proved. The second one is essentially con- 
tained in [T] (Lemma 18). 

Lemma 12. Let 0<a<x<b<l, such that f is continuous at x. Then for 
every / = Ji U I2, where I is an interval with endpoints a, b and /i, I2 are intervals 
with sup/i = X ^ inf I2, we have that 

Jifil)^lif{h) + Jlfil2) 

Lemma 13. (a) For every x e (0, 1] and every e > there exists < 6 < x such 
that sup{v^{f,V) : V C [x — S,x)} < e. In particular Jlf[x — S,x) < e. 

(h) Similarly for every x G [0, 1) and every e > there exists Q < 5 < 1 — x such 
that sup{?;|(/, P) : V ^ {x,x + 5] < e. In particular Jlf{x, x + S] < e. 

Proposition 14. (a) Df ^ Dp^ = Dp^ and so f is continuous if and only if 

fif is continuous. Also for x G [0, 1] \ I?/, Ff{x) = Ff{x). 

(b) If f is continuous at X then ^f[0, x] = ft f[0, x] and iJ,f[x,l] — Jlf[x,l]. 

(c) For all continuity points x < y of f , fif[x,y] = Jlflx^y]. 

(d) For every open interval (a,/3) of [0,1], ^f{a,l3) = 'jlf(a,l3). 

Proof, (a) By the monotonicity of Ff we have that for all xq £ M, Ff{xQ) — Ff{xQ) 
and Ff{xQ) — Ff{xQ). Therefore Dpj — Dp^ and for every xq £ [0,1] \ Dp^, 

Pfi^o) = Pfi^o)- It remains to show that Dj = Dp^- Let xq £ [0,1] be a 
continuity point of /. If < 1, by Lemma ll 21 we have that for every xq < y < I, 
Ff{y)- Ffi^o) = M/[0,y]-M/[0,a;o] ='P'f{xo,y] and so by Lemma[13i;b), Ff{x^) = 
Ff{xo). If < xq, again by Lemma 1121 for every < y < xq such that ?; is a 
continuity point of / we have that Ff{xo) — Ff{y) = Jlf{y,xo]. Since [0,1] \ Df 
is dense in [0, 1], by Lemma [T^ b) we get that Ff is continuous at xq. Conversely 
suppose that xq G Df. Then either /(a^g) ^ fi^o) or /(xg ) ^ f{xo)- Suppose that 
fi^o) 7^ f{xo) (the other case is similarly treated). Then it is easy to see that for 
every < 5 < 1 — xq, Jlf[xo,xo + S] > \ f{x'^) — /(xo)|^ and using Lemma [T2l we 
obtain that 

Ffi^o) = lim Ff{xo + S) > lim(/i/[0,xo] + /i/[xo,xo + S]) 

o— ^■O 0^0 

>Ffixo) + \fix+)-fixo)\'>Ff{xo) 

Hence xq £ Dp^ . 

(b) If / is continuous at x then by (a) we have that Ff{x) = Ff{x) or ij,f[0,x] — 
/I/[0, x]. Again by (a) we have that Ff is continuous at x and so M/({x}) = 0. Hence 
IJ.f [x,l] = Hf[0,l] - M/[0,a;) = /i/[0,l] - fJ,f[0,x] = /I/ [0,1] - A^/[0,a;] = /I/[x, 1], 
where the last equality follows from Lemma fT2l 

(c) Indeed, using (b) and Lemma \T2\ ^f[x,y] = ^f[0,y] — ^f[0,x) — /i/[0, y] — 
Hf [0,x]= Jlf [0,y]- fif [0,x]= fLf [x,y]. 

(d) Let a < On < bn < b such that a„,6„ are continuity points of /, lim„ a„ = a 
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and lim„ 6„ = b. By Lemma [T3l lim„ fJ-f{a, a„] = lim„ ^f[bn,h) = and by Lemma 
US V-fia, b) = /i/(a, a„] + /i/[a„, 5„] + pt/[6„, 6). Hence /i/(a, 5) lim„ /I/[a„, 5„] = 
lim„^/[a„,6„] = /x/(a,6). □ 

For the following we need the next notation. For every / G V2 and xq G [0, 1], 

let 

Tf{x,) = max{|/(4) - - /(:.o)P + l/K") - /(^^o)^} 

where /(O^) = /(O) and /(l^) = /(I)- Moreover, for every (5 > 0, let 

r/,5(a;o) = sup{|/(y) - /(xo)P + |/(a;o) - f{z)\\ \f{y) - /(z)^}, 

where the max is taken for all < y < Xq < 2; < 1 with — z| < 5. Clearly 
lim^^o '''f^s{xQ) — Tf{xQ) and / is continuous at xq if and only if Tf{xo) — 0. 

The quantity Tf{xo), is defined (with different notation) in ^9j, p.f464. An 
equivalent definition was introduced earlier by L.C. Young [24| . in order to charac- 
terise the class yy|. The proof of the next proposition uses similar arguments to 
those in [l9| . 

Proposition 15. For every f G V2 and xq S [0, f], /i/({a;o}) = 'Tfi^o)- Therefore 
/ij[0, f] = J2xeDf '^fi^)' where jj^j denotes the discrete part of fif. 

Remark 2. Under the current terminology, it follows that W2 = {f G V2 : ^J-f = 

Lemma 16. Let /i,/2 G V2 and t be a positive Borel measure on [0, 1] such that 
/^/j _L r and t < fif^. Then t < /i/2-/i • 

Proof. Let F = /i — /2- It suffices to show that f^piV) > t{V), for every open 
subset V of [0, 1]. So fix an open subset V of [0, 1] and let e > 0. Since /i/^ -L r, 
there is C 1/ such that = '^i=ili, where is a finite family of pairwise 

disjoint open intervals of [0, 1], fif^{V^) < e and r(Vi) > t{V) — e. Let ^ > be such 
that < e, |m/2,<5(K)-M/2(K)| < £ and \'ilFJ{Ve)~^J.F{Ve) 

Also for all < i < fc, let C with \V^\ < S and «2(/2,'^»)-M/2(K) 
Hence Y.z=i ^(/ii'^i) < 2£ and 

k 

MV) > MVe) > l^F.AVe) -£>Y1 "2(^,^0 - £ 

1=1 

fc 

>E["2(/2,^.)-«2(/l,^0]'-£ 

i=l 

>M/,(K)-2(5]^^(/2,7'.)) (E"2(/i,^.)) -2e 

1=1 i=l 

> M/2(K) - 2||/2||y,V2i- 2e > t(K) - 2||/2||y,V2i- 2e 
>T(F)-2||/2||y,V2i-3e. 

Hence, letting e 0, we get that fJ.F{V) > t(V^) and the proof is complete. □ 



< e. 

< e. 
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3.2. The correspondence between the functions of V2 and the measures 
on the unit interval. By A^[0,1] we denote the space of all Borel measures 
on [0, 1] endowed by the norm ||/i|j = sup{|/x(i?)| : i? is a Borel subset of [0, 1]}. 
The positive cone of A4[0, 1] will be denoted by A^+[0, 1]. Recall that for every 
/i e A^+[0, 1], ||/i|| = /^[0, 1]. In this subsection we study the properties of the 
function <i> : V2 A^[0, 1], defined by <!>(/) = fij, for all / e V2. We start with the 
following easily established proposition. 

Proposition 17. The next hold. 

(i) For every /i, /2 e V^2; A^/i+Za < 2m/i + 2^/2- 

(ii) For every / G V2 and A G R, /^(a/) — ^^^J'f■ 

(iii) For every / G V2 and every g £ V2 , l^f+g = A*/- 

(iv) The map $ : V2 ^ A1[0, 1], defined by $(/) — Hf is locally Lipschitz. More 



Remark 3. One could not expect that $ is a linear map as its range is a subset of 
the positive cone A^ + [0, 1] of A^[0, 1] ( next we shall show that $ is actually onto 
Al + [0,1]). However there are special cases where the additivity of the function 
$ is established. For example it can be shown that for every pair /i,/2 G V2 
with /i/j -L we have that Hf^+f^ = M/i + /^/2- Finally the map $ is not w*-w* 
continuous. For example let / S V2 such that / — g„, where ((7„)„ is a sequence 
in V2 ■ Then setting /„ — J2k>n9kj have that pointwise converges to 0, 

however by (iii) of Proposition \17\ — jif, for all n e N. 

Lemma 18. Let fi be a finite positive discrete measure on [0,1]. Then there is 
h E V2 such that fi^ — fJ'- 

Proof. Let S — {t„}„ be an enumeration of the support of fi. Then fi'^ — ^nSt„ , 
where A„ = ^''({t„}). We define h = J^n VK.Xt„ and let /i„ = Z]fc=i ^kXt^- Then 
h € V2, {hn)n II ■ II V2 -converges to h and so {l-ih„)n norm converges to fih in M[0, 1]. 
Since ^ih„ = J2k=i ^kSt^^ f^h = J2n ^n5t„ = n 

Theorem 19. For every finite positive Borel measure /i on [0, 1] there is f G V2 
such that fi — ^f. 

Proof. Since ^ ~ ji'^ + ji'^ where jj,'^ is the continuous and fi'^ is the discrete part 
of by Lemma [TSl it suffices to find / G V2 n C[0, 1] such that /i'^ — /iy (it is 
then easy to see that = /i, where h £ V2 satisfying that iih = n'^). Hence we 

suppose for the sequel that /i is continuous. 

For an interval / = [a, b] in [0, 1] let Fj : I ^ R, defined by Fj{x) = fj,[a, x], for 
all X £ I. Then Fj is continuous , Fj{a) ~ and Fj{b) = /i(/). Hence we may 
choose £_! £ (a, 6) such that Fj{£_i) — fi[a,£^j] = fj,{I)/2. Consider now the function 
Gi -.1 defined by G/(x) = F/(x), if a < a; < and Gi{x) = ^/(/) - Fi{x), if 
^i<x<b. Clearly ||G/||oo = Ai(/)/2. 



Claim 1. For every interval / of [0, 1], let Hj = a/G/. 

(i) For every x <y £ I, \Hi{y) - Hi{x)\'^ < n{x,y]. 

(ii) For all intervals Ii, I2 in [0, 1] such that max/i < min/2 and for all xi £ Ii, 

X2 £ h, \Hi.^{x2) - Hi^{xi)\^ < ^{xi,X2]. 



precisely 



II - W2 II < (Il/l|k2 + 11/211^2)11/1 - /2|k2 
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Proof, (i) Notice that for a,/3 > 0, \a-f3\^ < ~ l3^\. Hence \Hi{y) - Hi{x)\^ < 
\Gi{y) — Gi{x)\ and so it suffices to show that \Gi{y) — Gi{x)\ < fi{x,y]. By 
the definition of G/, we immediately get that for a; < y < ^7 or for £,i < x < 
y, \Gi{y) — Gi{x)\ = ^{x,y]. In the case a; < ^/ < ?/, we may assume that 
Gi{x) < Gi{y) (the other case is similarly treated). Then there \s x < z < with 
Gi[z) = Gi{y) and so \Gi{y) - Gi{x)\ = \Gi{z) - Gi{x)\ = ii{x,z] < ti{x,z]. 
(ii) As above it suffices to show that |G'72(a;2) — Gi-^{xi)\ < ii{xi,X2\- Let bi be 
the right end of Ii and 02 be the left end of l2- Then G'/j(6i) = G/^(a2) = 
and by part (i) |G/,(a;2) - Gi,{xi)\ = |G/,(x2) - G/,(6/J + G/,(a2) - G/,(xi)| < 
|G/2(a;2) - G/i(&i)| + |G/i(a2) - Gi^{xi)\ < n{x,bi] + fJ,{a2,y] < n{x,y]. □ 

Claim 2. Let i7„ = ^2111^ "^^^^^ ^" = t^^' '-T^]-- n > 0, 1 < i < 2"" . 

(i) e V° and \\Hn\\oo - V2"("+^'/-t[0, 1]. 

(ii) For aU I & A, vl{H,„I) < Therefore \\HJv» < VmP,!]- 

(iii) Let Vn - {j/2"}to U {^ir}to- Then ^|(iJ„,P„ n [0,t]) = ^[0,^], for aU 

Proof. Straightforward by Claim 1. □ 

Claim 3. There exist a subsequence (iJ„.)i of {Hn)n and a strictly decreasing null 
sequence ((5i)^0' '^^^^ "^o ~ 0, satisfying the following. 

(i) EJl^^nJIoo 

(iii) {Hr^,)^ is ((2-*)=^i , (^,)^o)-biorthogonal. 

(iii) For every iGN,d^< \\VnMmin < ll^Jlmax < S,^i. 

Proof. We inductively define a strictly increasing sequence ni < 712 < ... in N and 
a strictly decreasing sequence = (5o > <5i > (52 > such that for every A: > 1, the 
following hold. 

(1) For aUl<i<fc, |!7?„J|oo < 2"'. 

(2) The finite sequence (i?„JLi is ((2"*)j=i, (^i)to )-bforthogonal. 

(3) For aU 1 < z < A:, <5, < \\Vn,\Un < ||n>J|max < (5.-1. 

(4) For every JeA with ||X||„,ax < 4, Eti MH^,I) < 2-('=+i). 

The general inductive step of the construction goes as follows. Suppose that for 
some fc > 1, we have chosen {ni)i<ck and {6i)i<k satisfying the above. Applying 
Lemma [7] for Sk+i = 2^^''+^', we have that there exists e > such that for every 
H e 1/2° with \\H\\yo < e, the sequence {Hn„ H^,, H) is ((2-*)t+i , ((5»)to)- 
biorthogonal. By Claim 2, we have that lim||i7„||oo = and lim |j7^„||,iiax ~ 0. 
Hence we may choose rik+i > rik such that ||i?rifc+illoo < min{2^'^+^, e} and 
llT'n^+JImax < 4- Finally we choose < 4+i < ||^«fe+i ||min such that for ev- 
ery I € ^ with ||X|Uax < 4+1, Ef=i V2{Hi,I) < 2-^^+2) and the proof of the 
inductive step of the construction is complete. □ 

Claim 4. Let / = H,,,. Then f eViH G[0, 1] and fif = fj.. 

Proof. Since J2i W^rn ||oo < oo and Hm are continuous we have that / € G[0, 1]. By 
(ii) of Claim 2, {Hn)n is a bounded (by M = ^ /^[0, 1]) sequence in . Moreover 
by Claim 3, ijln^i is biorthogonal and so by Lemma [TU] and (n) of Claim 2, we 
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have that for every J e A 

vi{fa) < 5]m(ux«) + 2^j^] + i < 1)' 

i 

and therefore f E ¥2- To prove that jif ^ lot D = [J - Z?„. where for all i E N, 
Dn- = {to2~"' : < TO < 2"'}. Since D is dense in [0, 1], it suffices to show that 
lif(o,t] = /i[0,t], for all t G D. 

Fix io and < toq < 2"'f) and let t — too/2"'o. By the definition of {'Pn)n, we 
have that for all j > iq, t £ Vm, and so by (iii) of Claim 2, 

Hence by (iii) of Claim 3, for all j > io, 

V2if, Vn, n [0, t]) = V2{H^, + J2 Hn^^Vn, H [0, t]) > ^[0, t] - 2"^' 

hence since lim^ IjT'nJUax = 0, M/[0,<] > lim^ v^{f,Vnj n [0,t]) > n[0,t]. 
It remains to show that fif[0,t] < ^[0,1]. Since IhnSk = 0, we have that 

(10) /i/[0,i] =lniisup{i|(/,7') : V C [0,tl\\V\\^,^ < 6k} 

k 

Fix fc > 1 and C [0, t] such that ||7^||inax < <^fc-i- Let X = I-p be the corresponding 
family of intervals with endpoints successive points of V. Then I = \_}^^f^'I^^\ 
where X^^^ ={lEl:5j< \I\ < 5j-i}, and 

(11) ^(/,^) = «2(/,I) - «2(/, U ^''') = E ^2(/,I^-''^) 

Moreover by (ii) of Claim 2, 

?^2(/,2:(-'')) < «2(if«, < l'2(i?n,,X(^')) + 2-^' </i(UX(^'))+2-J" 

Hence using (fTTj) . we obtain that 

?^^(/, T') < ^ Ai(Ul(^') ) + 2"' = m(UX) + 2'=-! = m[0, t] + 2'=-! 

and therefore by dTU]) , A*/ [0, t] < m[0, t] ■ □ 

By Claim 4 the proof of the theorem is complete. □ 

Remark 4. Let us present here a concrete example which illustrates the method 
of the proof of Theorem[T9l Let A be the Lebesgue measure on [0, 1] and let (i?„)„ 
defined by 

(12) i?„(i) = 2"/2 rr„(x)dx, 

Jo 

where {rn)n is the sequence of Rademacher functions. As in Claims 1 and 2 of 
Theorem [T^ it can be shown that 

(i) vi{R^,I) < A(UJ). 

(ii) For every m > n and 1 < i < 2", ?|(i?„,P,„ n [0, 2^]) = A[0, ^]. 
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where here Vn = {2^:0<i<2"}. Then as in Claim 3 we may show that 
there is a subsequence {Rni)i of {Rn)n such that the sum / = i?„. satisfies that 
fif = A. We note that as it has been stated in [T^, the above defined sequence 
{Rn)n contains subsequences equivalent to cq basis. In the sequel (Corollary [ST]) 
we shall provide a proof of this statement. 

3.3. On the points of non differentiability of functions in V2. 

Lemma 20. Let / £ V2 and let {Vn)n be a sequence of finite subsets of [0, 1] such 
that lim 1 1 T'n 1 1 max = and limi^(/,7^„) = /z/[0,l]. Then for every sequence {2n)n 
in A such that In C X-p^^ and (w2(/,2„))„ converges, we have that (/i/(UX„))„ also 
converges and Yv[av^{f,Tn) = lim/i/(UXn). 

Proof. Let a = Yvaiv^{f,Tn) and assume that (/ij(Ul„))„ does not converge to a. 
Then by passing to a subsequence, we may suppose that lim/iy(UX„) = (3 ^ a. Let 
Jn =1v„ \1n- Then 

limt^(/, Jii) = /i/[0, 1] - a and lim/i/(Uj'„) = ^/[0, 1] - /3 

Since X„ and jTn consist of open intervals of [0, 1], we can choose ^ X„ and 

Jn ^ Jn such that |m/(UX„) - vi[f,I'n)\ < and \HfiUJn) ~ 4if,Jn)\ < V"- 

Therefore we get that 

lim (/, X;) = /3 and lim (/, X) = [0, 1] - /3 
Since Jn^Jn are disjoint and lim ||X„||,„ax = lini || J7^||max = we obtain that 

^Jif[0, 1] > lim«2(/,X„ U X) = a + (m/[0, 1] - /3), 
which implies that P > a. Similarly, 

t,f[0, 1] > lim«2(/,x; U Jn) = /3+ (m/[0, 1] - a), 
which gives that a > p. Hence a = [3 which is a contradiction. □ 

Theorem 21. Let / £ V2. Then the set of all points x G [0,1] such that f is 
differentiable at x has j.if -measure zero. 

Proof Let Vn = {0 = tj} < ... < = 1} C [0, 1] such that hm ||P„||max = and 
\imv^{f,Vn) — /Lt/([0, 1]). It suffices to show that for every C > 0, iJf{Ac) — 0, 
where 

Ac^{xe [0, 1] : 3f'{x) and |/'(x)| < C} 
Fix C > and for every fc e N let to be the set of all x e (0, 1) \ U„ 'Pn such 
that for every y,z G (x — l/k,x+l/k) with <y < X < z <1, l^^^^^^l < ^■ 
Notice that 

00 

Acc(^\JVn\Df)u\jA'c 

n k—1 

By Proposition [T5l we get that /i/(U„7'„ \ -D/) = and therefore it remains to 
show that for every fc S N, ^f{A'^) = 0. To this end, fix fc G N. Then for every 
X G and n G N there exists < i < fc„ — 1 such that x G {t2,t"^i). Since 
lim llT'nIlmax = there is no such that for all n > uq, t^j^^ — < For n > 
let Fn to be the set of aU < i < fc„ - 1 such that n 7^ and let 

X„ = Then C 1JX„ and therefore 

^ t^Fn 
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Hence \imv^{f,ln) = 0. By Lemma [20l Iim^/(1JX„) = and so ^f{A^) =0. □ 

Corollary 22. Let / G V2 n C[0, 1]. // the set of all points x G [0, 1] such that f is 
not dijferentiable at x is countable then f £ V2 ■ Moreover if f E (V2 \ V2) H C[0, 1] 
then the set of all non differentiability points of f contains a perfect set. 

Proof. Let B be the set of all x G [0, 1] such that / is not difFerentiable at x. 
By Theorem \2\\ we have that f^f{B) = /i/[0, 1]. Also since / e C[0, 1], ^/ is 
continuous. Therefore if B is countable then /i/[0, 1] = and so / e V^. In the 
case / € (V2 \ V2) n C[0, 1], lJ-f{B) > and so B contains a perfect set. □ 

4. Geometric properties of the measure. 

In this section we mainly concern to connect the norm of the measure /^/ with 
the distance of / from V2 . This requires first some results from [2], included in 
the first subsection, related to the oscillation function oscf defined by A. Kechris 
and A. Louveau [13] and further studied by H. P. Rosenthal in [22]. The second 
subsection contains the statement and the proof of the basic inequality and in the 
third subsection we use these geometric properties of the measure to obtain optimal 
approximations for the functions of V2 \ V2 ■ 

4.1. The oscillation function. Recall that for a function / : X — > M where K 
is a compact metric space, oscKf, is defined as follows. For every t E V C K let 
s{V,t) = sup{|/(x) - f{t)\ :xGV}. Then for each t e 

0SCKf{t) = inf{,s(V,t) : V^open neighborhood of t} 

It can be easily shown that for every sequence (/„)« of continuous real valued 
functions on K pointwise converging to a function / and every e > there exists 
no G N such that for every n > no, \\oscKf\\oo - e < |l/„ - /||oo- 

The next lemma is included in the more general Lemma 1.2 in [2 and shows 
that passing to convex blocks the above inequality can be reversed. 

Lemma 23. Let {fn)n be a uniformly bounded sequence of continuous real valued 
functions on a compact metric space K pointwise converging to a function f . Then 
for every null sequence of positive reals {Sn)n there exist a convex block sequence 

{9n)n of {fn)n SUch that ||g„ - /lloo < \\oSCKf\\ 

Corollary 24. Let E be a separable Banach space, X be a subspace of E and K be a 
weak* -compact subset of Be* which is 1-norming for E** (that is for all x** G E** , 
||x**|| — sup^.g^ |a;**(x*)|j. Then for all x** G X** which are weak*-limits of 
sequences in X , we have that 

dist{x** , X) < \\oscxx**\\oo 

Ln particular this holds for all x** G X** if £1 is not embedded into X. 

Proof. Let if be a weak* subset of Be* which is 1-norming for X**. Let x** G X** 
be a the weak*- limit of a sequence (a:„)„ in X. Denoting again by Xn and x** the 
restrictions of a;„ and x** on K, we have that (a;„)„ is a uniformly bounded sequence 
of continuous functions on the compact metric space K, pointwise convergent to 
X**. Therefore, by Lemma [53] there is a convex block sequence (yn)n of (a;„)„ such 
that for all n G N, 

sup \ynix*) - x**{x*)\ < \\oscKX**\\oo + 1/n 
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Since K is 1-norming for E** , we have that the left side of the above inequahty is 
the norm of yn — x** . Hence 

dist{x**,X) < \\yn~x**\\ < \\5ScKX**\\oo + l/n, 

for all rt e N and the result follows. Finally if £i does not embed into X then by 
OdcU- Rosenthal's theorem [18], aU x** e X** are w*-hmits of sequences of X. □ 

Remark 5. Notice that for every x** G X** and every x e X, \\oscicx**\\oc = 
\\oscfc{x** - x)\\oo < 2\\x** - x\\ and so ||6scK;a;**||oo < 2dist{x** , X). Hence by 
CoroUarylSll we have that for every subspace X E not containing £i , Woscjcx** || oo 
is an equivalent norm on the quotient space X** /X. 

4.2. Connection of the measure /i/ with the distance of / from ¥2- Return- 
ing to V2 , we recall that the set /C C (V^)* of all x* of the form x* = J2i ^',{6^,-6^) 
where ((si, ti)) ^ is a sequence of pairwise disjoint intervals of [0, 1] and of < 1, 
is a ■u;*-compact subset of i?(vj)* which is 1-norming for V2 

Theorem 25. Let X be a subspace ofV^- Then for every f £ X** , 

^fii^l < dtstifX) < dist{f,X) < ||oTck/||oo < ^/U^\+2,fii^\ 

Proof. By Proposition 1171 we have that for every g e V2, ^'f+g = M/- Hence for 
every g € , = \\^if+g\\ < \\f + g\\l^ which gives that ViSi < dtstif, if) < 
dist{f,X). Since K is, & weak*-compact subset of (V2')* which is 1-norming for 
V2 and £i is not embedded into Vf , by Corollary [24l we have that dist{f,X) < 

||osck;/||oo and so it remains to prove that ||oscac/||oo < -^/H/i/H +2^\\^'j\\. To show 
this, let e /C and let {a;,*}„ be a sequence in /C, ii;*-converging to x* such that 
oscicf{x*) = lim„ \f{x*^) — f{x*)\ (clearly there exists such a sequence). Notice that 
for every y* = Y.^(^^{^s, ^ ^u) ^ ^ and every / e V2, f{y*) = Y.^o^^{f{s^) - fiU)) 
where the series X)i ~ fi^i)) is absolutely convergent. So we may reorder 

each a;* and in this way we may assume that a;* = X^i^i ck"('5s" — ^t") where for 
every — s" > — sJYi- Moreover by passing to a subsequence we may also 
suppose that for each i G N, the sequences {s"}„, {t"}n are monotone and that 
a" ai, s" — > Si, and ti. 

Therefore x* = T^'iLi Q^i(<^si ~ ^ti) with ti — Si > ti+i — s^+i and so since ((s^, ti))i 
consists of pairwise disjoint open intervals in [0, 1] of decreasing length, ti — Si < 
Also by the monotonicity of (s")„, (if)n, there are eti,esi S {0,-1-,—}, such that 
lim„ /(tr) = ) and lim„ /(s?) = fis'^)- 

Let e > 0. We choose zi e N such that ^/[0, 1] < /ij i/ijO, 1] < ^/[0, 1] + s'^ and 
E,=.,+ikP<^Vll/ll|^,- We set 

ii 00 

X J = ^ a.i {Ss^ - 5t, ) and = ^ ((^s, - St, ) 

Z— 1 Z — 

and for each n G N, let 

00 

5t^) and <_2= I] an-^.? --^tp) 

i=il + l 



»1 
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Then by Cauchy-Schwartz inequahty we get that |/(a;2)P < £^ and 2)^ < 

fj,f[0, 1] + e^ for aU n e N. Therefore 

oTcK/(a:*) = hm|/«J - /(.T*)| < |hm/«.i) - f{xl)\ - /(x^)! 



< I E"^(/(^^) - /(*^)) + I - +hm|/(x:.2)| + 



i=l 1=1 
h 



Hence for every £ > 0, ||oscif/||oo < ^||^/|| + 2y ||^^|| + 2£ and the conclusion 
follows. □ 

Since /i^ = if / is continuous, we easily get the following. 

Corollary 26. For every subspace X of V!^ and every f £ X** n C[0, 1], 

dtstif^v^") = dtstif.x) = ||oTck/||oc = 

Remark 6. Let us note that there exist non-continuous functions / G V2 satisfying 
the proper inequalities -^/H/xy | < (iisi(/, Vjf) < ||oSc^/||oo- For example, it can 
be easily shown that for < s < t < 1 and / = X[s,t] + 2x(t,i], we have that 

||osc;c/||oo = 2, /i/ is the sum of the Dirac measures on s and t (so ^/JJJ — \J~i^f — 

\/2) and ^/2 < dist{f, V^) < 2. 

4.3. Optimal approximation of functions of V2 \ V2. 

Lemma 27. Let / G V2 \ V2 and let (/«)« be a bounded sequence in V2 pointwise 
convergent to f . Then for every sequence {Sn)n of positive real numbers there exists 
a convex block sequence (/i„)„ of (/„)„ satisfying the following properties. 

(i) ll^n - /Hoc < ||oSC[o,i]/||oo + 

(ii) ForeveryIeJ^{[0,l]\Df), v^ih^ - f,I) < fifiUl) + 8\\f\\v,,fi4\\ + e^. 

Proof. We may assume that £„ < 1. Let also (5„ = (1 + 611/11^2 )^^£n- By our 
assumptions we have that (/«)« is a uniformly bounded sequence of continuous 
functions on [0, 1] pointwise convergent to /. Hence by Lemma [23] (for K — [0, 1]), 
there exists a convex block sequence ((7„)„ of (/„)„ such that 

(13) ||.g„ - /Hoc < ||oSC[04]/||oo + Sn, 

Now {gn)n is a uniformly bounded sequence of w*- continuous functions on the 
compact metric space /C and so by the same lemma and Theorem I25[ there exists 
a convex block sequence (/i„)„ of {gn)n such that 

(14) WK-fWv, < \\5S-c^f Woo + Sn < ^fi^^\+^\/\l^4\\+Sn 

It is clear that by we have that 

(15) - /Hoc < |l<5sc[o,i]/||oo + (5„ 
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Moreover, using that ||^^.|| — ^ ll/llvay^llA^/l and taking squares in 

(fn)l we easily obtain that 

(16) \\hu-n\, < \\f^f\\+8\\f\\v,,fii4\\+en 

Let I e T{[0, 1] \Df). Then [0, 1] \ UX U™ where each /; is a non trivial open 
interval in [0, 1]. By Proposition [Ml = and so for each 1 < i < m, 

we can choose a sequence (T'^)*; of finite subsets of /{, such that limfc HPfeHmax = 
and linifc ?^(/, "Pfc) = Since hn G ^2°, for aU 1 < i < to, 

(17) ]imvl{K ~ /, P^) = lim vlif, VI) = ^if{I'^) 

Also setting J' = (/0"i, IIm/II = M/[0, 1] = ^/(Ul) +Ai/(UI')- Hence (HH) gives 
that 

m 

4 = 1 

Letting k ^ 00 and using p?)) . part (ii) of the lemma follows. □ 

Proposition 28. Let X he a subspace 0/V2', / € X** \X and (/„)„ be a bounded 
sequence in X pointwise convergent to f. Then for every < 6 < dist{f,X) and 
for every sequence (e„)„ of positive real numbers there exist a convex block sequence 
{hn)n of (/n)n such that for all n < m the following properties are satisfied. 

(i) 5 < \\hm - hn\\v2 < 2M, where M = sup„ ||/„||y2- 

(ii) \\h,n - hnWoo < 2||oSC[o,i]/||oo + £n < M\f\\oo + £«• 

(iii) For every I e A, v^{h^ - h„,I) < 4m/(UX) + 32||/|| + £„. 

Moreover given fc g N and an open subset V of [0, 1] with fJ-f{V) > 6 > there exist 
J7 € A with \Jj C y and I > k such that 

(iv) v^^{hi~hk,J) > 9. 

Proof. Let {e[J be a decreasing sequence of positive real numbers with < 4e„. 
Let {hn)n be the convex block sequence of (/„)« resulting from Lemma |27I Since 
{hn)n is w*- convergent to /, for every 71 G N there are finitely many m > n 
such that \\hm — ^nllvi — ^ (otherwise, \\f — hn\\v2 ^ S < dist{f,X) which is 
impossible). Therefore by passing to a subsequence we may assume that for all 
n < m, 6 < Whjn — hn\\v2- Also since (/i„)„ is a convex block sequence of {fn)n, 
\\K\\v2 < M and so - hjv^ < 2M. 
To show (ii), notice that by (1) above, 

1 1 1 1 00 — 

For property (iii) observe that since h^ ~ hn is a continuous function on [0, 1], and 
[0, 1] \ Df is dense in [0, 1], it suffices to check it for 1 G ^{[0, 1] \ Df). In this case, 
by Lemma [27] (ii) , we have that 

?|(/Jm - hn,I) < 2t|(/i„ -/,!) + 2?^(/i„ - f,I) 
<4fif{Ul)+32\\f\\y,^f\\i^\+en 

Finally fix fc G N and let V be an open subset of [0,1] with iJ,f{V) > 6 > 0. 
Choose a family (/i)t=i of disjoint open intervals of [0, 1] such that Ii Q V and 
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M/(U™i/*) > and let 

< e < — 

2(1 + M)m 

Since hk G V2, there is some S > such that 

(18) sup{«2(/ifc,Q) : QC [0,1], ||Q||,„ax<5} <e. 
For every 1 < i < m, there exists Vi C /j with HT'iUmax < (5 and 

(19) tif{I,)-e<4{f,V^) 

Moreover since (/i„)„ converges pointwise to /, there is ^ > A; such that for aU 

1 < i < m, 

(20) \4if,V^)--vl{hi,V^)\<e 
Then for every 1 < i < m we have that 

> vl{f,V.i)~e-2e\\hi\\v, > tif{h) - 2{l + M)e 
Therefore, setting J — U^Lj^Xp. , we obtain that 

vl{hi - ftfc, J) = Y^ "^^ihi - hk, V^) > ^ Ai/U^) - 2(1 + M)me > 9. 

i=l i=l 

□ 

Remark 7. Notice that since £1 is not embedded into V2, from [TS] and Goldstine's 
theorem, there is a sequence {fn)n in ^ pointwise converging to / with ||/n||v2 ^ 
ll/lli/a- Hence, in Proposition [55] we can assume that (/„)„ (and thus also (/i„)„) is 
a sequence in X with ||/n|ly2 ^ II/IIV2 = M. 

5. On the embedding of cq into subspaces of ^2°. 

In this section we show that every subspace X of V2 with X* separable, X** 
non separable and ^Ax" = {/i/ : / & X**} separable, contains an isomorphic copy 
of Co- This is the first step towards the proof of the main theorem integrated in the 
next section. 

5.1. Sequences of V2 dominated by measures. 

Definition 29. Let fi be a positive finite Borel measure on [0, 1] and C, s be positive 
constants. We will say that a function G ofV2 is (C, e)~ dominated by fi if for every 
I eA, 

v^{G,I) < Cfi{Ul)+e 

More generally for a sequence {Gn)n in V2 and a sequence (£«)« of positive real 
numbers, we say that (G„)„ is {C,{en)n)- dominated by ^ if for every n G N and 
every I € A, v({Gn,I) < C/i(UX) + e„. 

Remark 8. Suppose that the sequence (G„)„ is (C, (e„)„)-dominated by fi and 
X^n £n = £ < 00. Then by the countable additivity and the monotonicity of it is 
easy to see that for every disjoint sequence {In)n in A, we have 

(21) ^?|(G„,X„)<C||/i||+£ 
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Proposition 30. Let (Gn)neN be a sequence of functions ofV2 which is (C, 
dominated by a positive measure fi G A1[0, 1], for some null sequence {en)n of 
positive real numbers. Assume also that (G„)„ is a seminormalized sequence in V2 
and lim„ ||G„||oo = 0. Then there is a subsequence of (G„)„gN equivalent to the 
usual basis of Cq . 

Proof. Let < 5 < \\Gn\\v2 < M. Since (£„)„ is a null sequence by passing to a 
subsequence we may assume that (e„)„ is decreasing and X^n^n = e < 00. Since 
{Gn)n is seminormalized and pointwise convergent to zero, it is weakly null and so 
we may also suppose, by passing again to a subsequence, that it is a basic sequence. 
Also since lim„ ||G„||oo — 0, by Proposition[6]and passing to a further subsequence, 
we may suppose that (G„)„ is (£„)„— biorthogonal. 

As (G„)„ is a basic sequence, trivially (G„)„ has a lower co-estimate. To show 
that (G„)„ is dominated by the cq- basis, let {Xk)k^i be a sequence of scalars and 
let \Xka \ = maxi<fe<„ |Afe| . Then by Lemma [TOl we have that 

n n 

(22) ,^(^A,Gfe,x) <\Xkaf{Y.vl{Gk,I^''>)+e{2M + 

k=l k=l 

for every T E A, which by (PT]) gives that 

n 

(23) t|(5]AfeGfe,x) < (c\\fA\+e{2M+l + e))\Xk,\' 

fe=i 



Therefore setting K = G||/i|| + e{2M + 1 + e), we conclude that 



fc=i 



< K max \Xk\ 

V2 l<k<n 



and the proof of the proposition is complete. □ 
Remark U and the above proposition yield the following. 

Corollary 31. The sequence (-R„)„ defined in US^) contains a subsequence equiv- 
alent to Co basis. 

We also state the following generalization of Proposition [30] for later use. 

Proposition 32. Let (G„)„gN be a sequence ofV^ , {l^n)n be a sequence in A^+[0, 1] 
and (£„)„ be a null sequence of positive real numbers with the following properties. 

(1) (G„)„ is a seminormalized sequence in V2 . 

(2) lim„||G„||oo =0. 

(3) There is a constant G > such that G„ is (C, Sn) — dominated by /i„ , for 
all n e N. 

(4) There is a measure fj, G A^+[0, 1] such that {fJ.n)n is norm convergent to fj,. 
Then there is a subsequence of {Gn)neN equivalent to the usual basis of Cq. 

Proof. By passing to a subsequence of {Gn)n we may suppose that for all n g N, 

(24) |jAin-/i|| < 2-" 

Let < i5 < ||G„||y2 < M. As in the proof of Proposition[30l by passing to a further 
subsequence we may also assume that £n — s < 00 and that (Gn)„ is again a 
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basic sequence which in addition is {sn)n— biorthogonal. To show that (G„)„ is 
dominated by the co-basis, equations ([22|) and ((24|) give that for every T ^ A, 

n n 
fe=l k=l 

< \Xk,f{CM+C + e{2M+l + e)), 



which setting K = y/C\\i-i\\ + C + e{2M +l+s), yields that 

< if max{|Afe| : 1 < fc < n} 



fe=l 



V2 



□ 



Proposition 33. Let X be a subspace 0/ Vj* and let {fn)n be a bounded sequence 
in X pointwise convergent to a function f £ {X** \ X) n C[0, 1]. Then for every 
< 6 < dist{f,X) and for every sequence (e„)„ of positive real numbers there exist 
a convex block sequence {hn)n of (/„)„ such that for all n < m the following are 
satisfied. 

(i) S < \\hm - hn\\v2 < where M = sup„ ||/„||y2- 

(ii) \\hm - /inlloo < £n- 

(iii) The function hm — hn is (A, Sn)-dominated by the measure fif. 

Proof. Since / is continuous, we have that osc[Q i]f = and pi'j = 0. The result 
now follows by Proposition D 

Corollary 34. Let X be a subspace of and f £ {X** \X)n C[0, 1] . Then cq is 
embedded into X. 

Proof. As we have already mentioned (see Remark [7]), there is a sequence (/„)„ in 
X pointwise convergent to / with ||/n||v2 ^ Il/llv2- Let (e„)„ be a null sequence of 
positive real numbers and let {h„)n be a convex block sequence of (/„)„ satisfying 
the properties of Proposition [33l For each n g N, let G„ = /i2n — ^2n-i- By (i)-(iii) 
of Proposition 1331 we have that {Gn)n is a seminormalized sequence of functions in 
X, lim„ ||G„||oo = and {Gn)n is (4, (e2n-i)ra)-dominated by the measure /x/. By 
Proposition [3D] the result follows. □ 

Remark 9. Exploiting more carefully Lemma [33l we may pass to an appropriate 
subsequence of {hn)n which is equivalent to the summing basis. This gives an 
alternative proof of the known result that every / G V2 n G[0, 1] is a difference 
of bounded semicontinuous functions on the compact metric space (iJjyo-j* , w*). 
Moreover the converse of Corollary [M] also holds, that is (X** \X)f\ G[0, 1] 7^ if 
and only if cq is embedded into X (cf. 3J). 

5.2. The embedding of cq into X when Mx** is separable. 

Lemma 35. Let X be a subspace of V2 and T be an uncountable subset of X**. 
If Djr — Uf^jrDf is countable then for every £ > there is an uncountable subset 
T' ^ T such that for every /i, /2 G ^' , ll/^/i-/2ll < ^■ 

Proof. Let Djr — {t„}„. By Proposition [13 we have that ||yLtj|| = — 
for every f £ T. By the definition of t/(<), we easily get the following 
inequalities. 
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(a) For every / e T/(i) < 4(|/(<+)|2 + + |/(t)|2). 

(b) For every /i,/2 in V2, Tf,-f,{t) < 2t/,(<) + 2r/,(i). 

By passing to an uncountable subset JF' of J-', we may suppose that the following 
hold. 

(i) There is tiq e N such that J2n>na '^/(^") < ^Z^' ^o^' / ^ 

(ii) For all 1 < n < no, j G {-, 0, +} and hJ^G T' , |(/i - /2)(i^„)| < 
Then by (ii) and (a), we get that for every /i, /2 G T' ^ 

(25) 5]T/,_/,(i„)<4 ^ ^|(/i-/2)(t^Jp<£/2 
Moreover by (i) and (b) , 

(26) ^h~h (tn) < 2 ^ ^/i (in) + 2 ^ r/, (t„) < e/2 

n>no n>nQ n>nQ 

Hence, by m and ([Ml), IIa^^^.^JI = E^li ^/i-/2 + E„>„„ ^/i-/2(irO < £• □ 

Proposition 36. Let X be a subspace of V2 such that X* is separable, X** non- 
separable. If Aix" is a separable subset of M[0, 1] then cq is embedded into X. 

Proof. Let J- be an uncountable subset of the unit sphere Sx" of X** such that 
for all /i 7^ /2 in J^, ||/i — f2\\v2 > 35 > 0. Since X is separable, it is easy to see 
that by passing to a further uncountable subset, we may assume that for all fi ^ /2 
in JF, dist{fi — f2,X) > S. Moreover since X* is separable, by Proposition [2] the 
set Dj^ is countable. 

Let (£n)n be a sequence of positive real numbers with e — X^n^" Using 
Lemma l35l Proposition [3] and our assumption that M.x" is a separable, we easily 
construct a decreasing sequence (Tn\i of uncountable subsets of T such that 

(27) 11^^/1-/2!! < 11/1 - /2II00 < en and ~ < e„, 
for aU n g N and /i, /2 G Tn. 

Given the above construction, we pick for each n, /f 7^ in JF„. Notice that 
since {Tn)n is decreasing, by (|27p we have that ||/-t/j' — < £„ and so, as 

X„ £„ < 00, the sequence (/i/jOn is norm converging to a /ii € A1[0, 1]. Similarly 
(/^/j)n converges to a ^2 G A^[0, 1]. Let -?"„ = /" — /;^. Applying for each n € N, 
Proposition [25] with F„ in place of /, we obtain Gn G X satisfying the following. 

(i) 5 <\\G,,\\v,<nF,,\\v, <4. 

(ii) ||G„||oo < 4||i^„||oo +£«■ 

(iii) For every Xe A wi(G«,2:) < 4^f„(UX) + 32||^^„||y,y^||/4j| + £„. 
By p7| . 1 1 -Frill 00 < £ri and therefore (ii) gives 

(iv) lim„ 1 1 G„ 1 1 00 ==0. 

Moreover Ha^f^II < ll-^nllvg < 2 and setting /i„ = 2(^/n + nj^), by Proposition 
[TTI /Xi?^ < fin- Replacing in (iii) we get that for each n € N, 

(v) For all X G A, v^[Gn,1) < 4/x„(UX) + 65£„,that is G„ is 65£„-dominated 
by fin- 

By (i), (iv), (v) and since {iJ,n)n is norm convergent to fii + /i2, the assumptions 
of Proposition [5^ are fulfilled and so there is a subsequence of (G„)„ equivalent to 
the Co basis. □ 
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6. On the embedding of S'^ into subspaces of V2 ■ 

This final section includes the main results of the paper. We divide this section 
into three subsections. In the first subsection we define the S^- systems and we 
show that their existence in a subspace X of lead to the embedding of S*^ 
into X. A key ingredient is Lemma [40l which is of independent interest. In the 
next subsection we define the S'^-generating systems which consist the frame for 
building S^-systems. Finally in the third subsection we show that every subspace 
X of V2 with non separable contains an generating system and thus by 

the preceding results the space is embedded into X. We also show that S"^ is 
contained into TF. 

6.1. S'^-Systems. In this subsection we will define certain structures closely related 
with the embedding of the space into V§ . We start with the definition of a 
system. 

Definition 37. Let M , A, 6 he positive constants and (en)5^o sequence of 
positive real numbers. An {en)n— system with constants {M,A,9) is a family of the 
form 

{{Gs, I^s,^s)se2<'<j (Qn)rieN), 

where {Gs)se2<'* is a family of functions of V2 , ('^s)sG2<f a family of positive 
Borel measures on [0,1], {Is)s£2<^ is a family in A, and (Q„)„gN is an increasing 
sequence of finite subsets of [0, 1], satisfying the following properties. 

(1) For every s € 2<^ , \\Gs\\v^ < M and \\vs\\ < A. 

(2) For every n > and s e 2", ||Gs||oo < £«■ 

(3) For every n > 0, the set Qn e„— determines the quadratic variation of 
< {G, : s G 2"} >. 

(4) For every n > 0, s S 2" and every I e T{Qn), v^iGs,!) < Vs{^1) + £«• 

(5) For every s J-t, {Js,Jt) is a disjoint pair. 

(6) For every s € 2<^ , v^iGs,Is) > 0. 

Remark 10. Notice that by property (2), we have that lim |lGo.|„|loo = and 
therefore by Proposition [51 for every family (es)s of positive scalars there is a 
dyadic subtree {ts)s such that {GtJ)s is (es)s-biorthogonal. Moreover by (3) and 
(4) we have that for every s G 2", the function Gs is (1, 2£„)— dominated by Vg. 

Definition 38. An (e„)„— system with constants {M,A,d) is an (e„)„— system 
{{Gs,i'sT^s)s£2<"y (Qri)n), with the Same constants satisfying in addition the follow- 
ing property. For every < n < m, s G 2", t G 2™ with s Qt and X G F{Q,n), 

(28) \vt{\M)-v,{yM)\<e^ 

Remark 11. Suppose that (e„)„ is a null sequence. Then, as Q„ is increasing, by 
([28l) we get that for every ct G 2^ and every I G .F(U„Q„), the sequence (i'cr|n(UX))n 
is Cauchy. 

Lemma 39. Let ((G^, t^s,Xs)sg2<''j (2n)neN), be an {Sr^n — S'^ system with con- 
stants {M,A,6). Assume also that (£„)„ is a null sequence. Then there exist a 
family of positive Borel measures {i'a)aG2'^ on [0,1] such that sup^ ll^^o-ll ^ ^> o,i^d 
for all a G 2^, {G„\n)n is (1, (3£„)„)— dominated by 
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Proof. Let a £ 2^. Since {i'cr\n)n is a bounded sequence in Ai[0, 1], there exist a 
subsequence {vcr\n)ne l and a positive Borel measure ly^ on [0, 1] , such that (i'o-|n)ne l 
is w*— convergent to Vcr- Fix for the foUowing fc > and a finite family of intervals 
I E A. By condition (3) of Definition [371 there exists T G J^{Qk) with X <X such 
that \v^[Gr,\k,I) — ^{Gcr\};,X)\ < Ek- Moreover by condition (4) of Definition [571 
and (1^51) . we get that for every m > k, 

(29) vl{G,ik,X) < 4iGa\k,i) + £k< i^.ifc(UX) + 2ek < v,\„,{yjX) + Se^ 
By Remark ITTl we have that limm ^'g.|„(UX) exists and so p9| implies that, 

(30) vl{G„\k,X) < limi/„|„(UX) + Se^ = lim j/^|„(UX) + 3efc 

As the set UX is a closed subset of [0, 1] and w* — lim„gi v„\n = f^o-j by Portmateau's 
theorem (see [12]) and the monotonicity of v^, we have that 

(31) lim v^UyjX) < v„{\JX) < v„{\JX) 

By (150)) and ([HT]) we conlude that for every A: > and every X G 

(32) ?|(G,|fe,X)<i/,(UX)+3£fc, 

that is the sequence {Ga-\n)n is (1, (3e„)„)-dominated by the measure Finally 
since ly^r is in the w*-closure of {j^s}sg2<n, \\^a\\ < sup„ ||j^cr|rill < A. □ 

Remark 12. Notice that if J^n = ^ < the above lemma yields that for every 
cr e 2^ and every disjoint family (!«)« in A, we have that 

(33) ^«2(g^|^^2:„) < A + 3e 

n 

The next lemma concerns an inequality for tree families of positive numbers 
which is critical for the embedding of into subspaces of V2 and could be useful 
elsewhere. 

Lemma 40. Let {as)se2<''' j (-^s)se2<'*' two families of non negative real numbers 
and let 71 > 0. Then there exists a maximal antichain A of 2^" and a family of 
branches {bt)teA o/2^" such that J2s&2^" ^s^s < J2teAiJ2sebt '^s)>^t and t e bt, 
for all t £ A. Therefore if J2'^=i '^<y\n < C , for all a £ 2^, then for each n > 
there is an antichain A of 2^^"^ such that X]se2^'» ^sCts ^ G^^^j^Xs- 

Proof. We shall use induction on rt > 0. The lemma trivially holds for n = 0. 
Assuming that it is true for some n, we show the n + 1 case. For each j £ {0, 1}, 
let Vj — {t £ 2"+^ : t{l) = j}. Then T>j is order isomorphic to 2^" and so by our 
inductive assumption there is an antichain Aj C T>j, and a family of branches {bj : 
t £ Aj} C Vj with t £ bl, for each t £ Aj and J^seVj '^s"" ^ J2teA, iJ^sebl "s)^t- 
Hence we easily get that 
(34) 

A^a^ = Agag + ^ Xtat < X^a^ + (Y^ as)Xt + (Y^ as)\t 
We distinguish two cases. 

Case 1: Ag < Ete^o ^* + ^I^teAi ''^t- Then let A = Ao^JAi and 6t = 6^ U {0}, for 
each t £ Aj. Obviously A is a maximal antichain in 2^"+^ and {bt : t £ A] is a 
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family of branches with i G 6t for each t & A. Moreover as < J2teA by ([34]) 
we obtain that 

< II (Z!"0^*■ 
se2<"+l teA sebt 

Case 2: J2teAo -^t + SteAi < ^0- Then we set A = {0} and 6© = {0} U 6{" where 
5I)sefc^o = maxU^^olEsebJ : i € Aj}. By dM]), we get that 

□ 

Proposition 41. Let {{GsTi's,'Is)s£2<«,{Qn)n), be an isn)n — S'^ system with con- 
stants (ill, A, 0). Suppose that {sn)n is a summable sequence of positive real num- 
bers. Then there is a dyadic subtree {ts)s£2^ o/2^^ such that {Gt^)se2<'> equiv- 
alent to the -basis. 

Proof. Let (£<t)sg2<'« be a family of positive real numbers such that = e < oo 

and 9 ~ {e -\- 2M)e > 0. As we have already mentioned (see Remark [TUl) . there is 
a dyadic subtree (is)sg2<" of such that (G'tJsg2<H is (es)se2<«~ biorthogonal. 
We will show that {Gtjse2<''- is equivalent to the S'^-basis. To this end, fix a 
sequence of real numbers (As)|s|<„. 

First we show the upper S'^-cstimate. Let T E A. By Lemma [TUl we have that 

(35) vl( V \sGt^,l) < V |A,p«^(Gt,,X(*-')) + max|A,p(2Af + £)£ 

|s|<n |'5|<n 

By Remark [H we have that ^(G't^|„ jl'*"'"^) < A + 3e, where e = J2n^n- 
Hence by Lemma HOI (with iKCf^, !'■*=•') and |Asp in place of and \Xs\ respec- 
tively), we obtain an antichain A C 2"*" such that 

(36) Yl |AsP«^(G*,,x(*=))<(A + 3e)^|A.|2 

|s|<n sGA 

By ([35]) and we get that 

v'J V XsGt^,l) < (A + 3e) V|A,|2 + max|A,p(2M + £)e 

\ ^ — ^ / ^ — ■ I s I < n 



I s I < n 

|s|<n sGA 

< (a + 3e + (2M + e)e^ || ^ A,e^ 

I s I < n 



This yields that there is C > such that || J2\s\<n ^sGtJ\v2 < C\\ J2\s\<n ^sGsWs'^- 
We pass now to show the lower S"^- estimate. Let A be an antichain of 2^" such 
that 

(37) II E ^^e4=^(^'^^"^''^' 

s|<n sGA 
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Since {JtJseA is a disjoint family, we get that J — IJ^g^Xt^ e A. By Lemma fTOl 
and ([37]) . we have that 



AsGt,,l) > ^|A,pj;2(G,^, -max |A,p( ^ e,)2Af 



By the properties of the S'^-system, we have that for every s E A, 

and therefore t;^(Gf^, > 9 ~ e^. Hence by ([55)) . we obtain that 
^( J2 >^sGt^^l) > (^?-(£ + 2A/)e)(^|A,p), 

|s|<n seA 

which gives that there is c > such that || J2\s\<n '^'>'~^ts\\v2 > c |1 Z]is|<n '^'^'^^lls'^- 

□ 

6.2. 5'^-generating systems. 

Definition 42. (e, (en)n)~ generating system with constants {M,A,d) is 
an (e„)„— system {{Hs, ij.s,>7s)s£2<^'j {'Pn)n), with the same constants satisfying in 
addition the following properties. 

(i) For every m > rt > 0, s G 2" and {sq, Si} C 2™ such that s^O C Sq and 
s^l Q si and every X G J-('Pn), we have that 

(39) | M.o+M.i (UX)-M.(UT)| <£„ 

(ii) i^or every n > 1, i/ie sequence {Hs)s£2" is {e s) s£2^ -biorthogonal, where 

In the following we present a partition of 2*-^ in continuoum many almost disjoint 
subtrees. This partition is induced by the canonical bijection between 2^^ and 
2<N X 2<N. 

Definition 43. Let s G 2<^' . Ifs = % then let Ltj^ = {0}. If ^ s = (s(l), s(n)) 
let Ls = {tE 2^" : t{2i) = s{i), for alll <i< n}. 

Remark 13. It is easy to see that for each a G 2'', To- — U„io.|n: is a dyadic 
subtree of 2<'^ and iT^)„e2« 

is an almost disjoint family and hence their bodies 

{[Ta-])a£2^i are disjoint. 

The following properties of {Ls)se2<« are easily established. 
(LI) For all n > and s G 2", Ls C 2^" and \Ls\ = 2", where is the 
cardinality of Lg. 

(L2) For si Q S2, Lg^ — Lg^lni ~ {t\ni : t G L^^}, where ni — 2\si\. 

(L3) For si ± S2, Ls-, -L L^^- 

(L4) For aU n > 0, 2^" = U^ea-^s- 

Given an an (e, (e„)„) - 5*^ generating system {{Hg, ^is,Js)se2<'h{'Pn)n), with 
constants (Af, A, 9), we set = 2-"/2 ^^^^^ i?t, = 2"" J^teL^ = UteL, '^t, 

Qn = V2n and e'^ = ^+ 2"/2£2„. 
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Proposition 44. If 6' = 9-{2M +e)e > then the system {{Gs, i^s,Is)s<£2" , {Qn)n) 
is an {£'n)n — system with constants {M + e, A, 9'). 

Proof. Let n > 1 and s e 2". Since C 2^", |L,| = 2" and {Ht)te2^^ is (et)te22"- 
biorthogonal, with X]te22'» £t = £ < 1; by Lemma [TUl we get that for every I ^ A, 

vl{Gs,I) < \Ls\-^ J2 ^liHt,!^'^) + 2-"(2A/ + e)e < {M + ef 

and so ||Gs|lyo < M + e. 

Moreover ||Gs||oo < •\/|L7fe2n = V2^£2n < £'n- We show now that the quadratic 
variation of < {Gs}s62" > is e'j-determined by Q„. Let 2 ^ A. Since V2ni £2n- 
determines the quadratic variation of < {Ht}t:^2^t >, there is I ^ X in J-(V2n) 
such that for aU (/it)tg22", 

\4{ J2 f^tHuI) - vli t^tHt,i)\ < ( J2 \f^t\')£2n 

tg22" 4622" te22'> 

Notice that for every sequence of scalars {Xs)s£2", J2se2" ^sGs = J2te2'^" t^t^t^ 
where for each t S 2^", fit — |Ls|^^/^A<;, for t e Ls- Therefore 

s62" se2" tG22" te22'> 

We proceed to show property (4) of Definition [571 Let 1 G ^(Qn)- Then J G 
jF(7?2„), J = Utg22"2:^'^ and for all t e 2^", < /xt(Ul(*)) + £2«- Notice 

also that for every t e Ls, /it < |Ls|t/s. Hence, by Lemma [TUl we get that 

?;2(Gs,X) < li^r^ ^ /it(U2:(*)) + e2„ + 2-"(2M + £)e 

< ^ i^s(UX(*)) + £2n + 30/4^/2^ < i.s(UX) + el. 

We show now (gH]) of Definition [351 Let m > 1 and t = (t(l), i(m)) e 2". 
Let < n < m and s — t\n. For each w £ Ls, let iuq = w'^Q^t{n + 1) and 
wi = it;'"l'"t(n + 1). Let also u — (u(l), ...,u(m— n— 1)) where = t(n + 1 + 
for all 1 < i < m — n — 1. Then Lt = IJiiieL {'^q U L^) and so = 
2-'"E.eL.E„eL„K"„+A^.r«)- Therefore, 

Moreover by ([39ll . for every X € ^(Qn) = ^{V2n), and all v G L^, we have that 

\{^^^^, + ^i^^,-2^i^){^I)\<2e2n 

Hence |z/t(UJ) - :/,(UJ)| < 2-"2"2'"-"-i2e2„ = £2„ < e'„. 

That the pair (Xs,Tt) is disjoint, is straightforward by properties (5) of Definition 

laijand (L3) of Definition [13 Finally, vl{Ht,Jt) > 6, implies that v^{Ht,lP) > 
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e-e'^, for alH e 2<f*. Hence by Lemma [H we obtain that 

t^(G„X,) > ^ \Ls\-'4{Ht,li'^) - 2-"2M£ >0-ie + 2M)e = 9' 

□ 

6.3. The embedding of 5*^ into X when Aix" is non-separable. 

Lemma 45. Let {/i^}^<iji be a non-separable subset of M~^[0,l]. Then there are 
an uncountable subset T of ui such that for every C G T, /x^ = + where A^, 
are positive Borel measures on [0, 1] satisfying the following properties. 

(1) For all ^er, ±T^ and \\t^\\ > 0. 

(2) For allC <^ in T, fJ-c hi- 
proof. We may suppose that for some (5 > 0, — || > (5, for all < C < C < ^i- 
By transfinite induction we construct a strictly increasing sequence {^a)a<u:i in 
uji such that for each a < ui, /i^^ = A^^ + r^^, with A^^ _L r^^, ||r^„|| > and 
T^^ _L /i^^ for all (3 < a. The general inductive step of the construction has as 
follows. Suppose that for some a < toi, {£,p)i3<a has been defined. Let (/9„)n an 
enumeration of a and set 

Cq = sup , j/„ = ^ /i^^^ /2"' and = {£, < uji : Ca < £. and « Va} 

n 

n 

By Radon- Nikodym theorem, {fJ-^}^eNc, is isometrically contained in ii([0, 1], Va) 
and therefore it is norm separable. Since we have assumed that \\fj,^ ~ Mcll ^'^^ 
all < C < ? < Wi, we get that Na is countable. Hence we can choose > sup N^- 
Let /Lt^^ — A^^ be the Lebesgue analysis of //^^ where A^^ << Va and r^^ _L i/^. 
By the definition of Va and ^q, we have that ||t^^|1 > 0, r^^ _L /x^^, for all /3 < a 
and the inductive step of the construction has been completed. □ 

Lemma 46. Let {t^}^<uji be an uncountable family of pairwise singular positive 
Borel measures on [0, 1]. Then for every finite family (ri)^^i of pairwise disjoint 
uncountable subsets of oji and every e > there exist a family (r^)*L]^ with T'^ 
uncountable subset ofVi and a family {Ui)^^i of open and pairwise disjoint subsets 
of [0, 1] such that t^QO, 1] \ Ui) < e, for all 1 < i < k and ^ e L'^. 

Proof. For every a < lui, we choose (Cf )i=i G IliLi such that for every a ^ 13 in 
uii and every 1 < i < k, S^" ^ . For each < a < ivi the k-tuple (r^i )'^^^ consists 
of pairwise singular measures and so we may choose a k-tuple {U°')^^i of open 
subsets of [0, 1] with the following properties: (a) For each i, t^°'{[0, 1] \ U") < e, 
(b) For all i ^ j, n U" — and (c) For each i, U" is a finite union of open in 
[0, 1] intervals with rational endpoints. 

Since the family of all finite unions of open intervals with rational endpoints is 
countable, there is a k-tuple {Ui)i and an uncountable subset F of wi, such that for 
all 1 < i < fc and aU a e F, J/f = U,. For each 1 < i < fc, set F^ = {£,f : a € F}. 
Then for each 1 < i < A; and aU ^ e F^, t^([0, 1] \ Ui) < e. □ 

Lemma 47. Let X be a subspace of V2 and suppose that X** contains an un- 
countable family T such that Djr — U/^jfI?/ is countable and A4jr — {/i/}/ejr is 
non-separable. Then there are constants (M, A, 6) such that for every e > and 
every seguence (e„)„ of positive scalars there is an (e, (£„)«)- generating system 
{{Hs,iJ,s, i7s)se2<N) {'Pn)n) with Constants (M, A, 0) and Hg G X , for all s £ 2<^. 



32 



D. APATSIDIS, S.A. ARGYROS AND V. KANELLOPOULOS 



Proof. Since for all f E V2 and A G M, fj,\f = A^/i/, we may assume that C Sx*'- 
By Lemma im there is a non-separable subset {/ic}c<iJi of Mjr such that for all 

< ^ < wi, /i^ = A^ + r^, Aj _L and for all C < -'- passing to a further 
uncountable subset, we may also assume that there is > such that \\t^\\ > Oq- 
We fix £ > and a sequence (£„)„ of positive real numbers. We will construct the 
following objects: 

(1) A Cantor scheme {Ts)s of uncountable subsets of uji (that is for all s E 2^^, 

r,^o u r,„i c r, and r,„o n r.^i - 0), 

(2) A family {{^°,^l))s of pairs with < in T,, for all s e 2<n. 

(3) A Cantor scheme of open subsets {Vs)s of [0, 1], 

(4) A family of functions {Hs)s in X, 

(5) An increasing sequence (Vn)n of finite subsets of [0, 1] \ Djf, and 

(6) A family {Js)s in A, 

such that the following are satisfied. 

(i) For every ^ e T,, t^{Vs) > 0o/2 and t^{[0, 1] \ < 2-('+^^)9o. 

(ii) The measures /itjo and /itji are ?z;*-condcnsation points of {//^j^grs- 

(iii) For every n > 1, s e 2", | e and I G T{Vn-i), 

(mc -M5=m)(UI)| < ^j^, where = (s(l), s(n - 1)) 

(iv) lli/slk^ < 2, UJ, C V; and «i(i?., J^) > filo/S. 

(v) For every s e 2"-, \\Hs\\^ < Sn and v^{Hs,I) < 8(/i^o + ^^i)(UX) + £„, for 
a.\\lET{Vn)- 

(vi) If (si)l^i is the lexicographical enumeration of {0,1}", then {Hs^)1^i is 
(£/2*)|J!;^-biorthogonal. 

(vii) The set Vn £«— determines the quadratic variation of < {Hs\se2<f^ >■ 
Given the above construction, we set /i^ = 8(/i^o + /i^i) and we claim that the fam- 
ily ((-ffsj Ms, Ss)s^2<'^*-i {'Pn)n) is an (e, (£„)„)- 5^ generating system with constants 
iM,A,0), where M = 2, A = 16 and 6* = 6*0/2. We only verify condition ^ of 
Definition [151 since the other conditions are immediate. So let n < to, s e 2" and 
So, Si G 2™, with s'^O C So and s'^1 C si. Then F^^ C F^-o, Q T^-^, and so by 
(iii), for all J £ T{Vn) and j £ {0, 1}, we get that 

(40) max{ | (/x^.^ - /i^o ) (UX) | , | - ) (UX) | } < ^ 
Since 

2 - Msl < 4(|m^o^^ - Mcsl + Im^i^ - M^'l + - I + - Mfi I, ) 

by (gOl), we have that for all I £ TiVn), |(^^^a+^ " Ms)(U2:)| < £„. 

We present now the general inductive step of the construction. Let us sup- 
pose that the construction has been carried out for all s £ 2<". For every s = 
(s(l), s(n)) £ 2", we define 

(41) F(i) = e F,- : VX £ TiVn-i), - )(UX)| < £„/16} 

Since J^{Vn~i) is a finite subset of J^([0, 1] \ Dx") and fi^{d{LiX)) = 0, for all 

1 £ ^{[0, 1] \ Dx") and all ^ < cji (where 9(UX) is the boundary of UX), the set 
{/i^ : C G ri"'^^} is a relatively weak*-open nbhd of /i^s(n) in {/i^}^gr,_- By our 
inductive assumption, /i^o and /i^i are weak*-condensation points of {/i^j^gr 
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and therefore for all s e 2" the set ri^'' is uncountable. Applying Lemma |46] we 
obtain a 2"-tuple (Us)se2" of pairwise disjoint open subsets of [0, 1] and a family 
(rl^'')sg2" such that for each each s £ 2", ri^-* is an uncountable subset of ri^'' and 

for all ^ e ri^\ 

(42) r5([0,l]\C/,) < V2"+' 

For every s G 2" we set K = Us n V^- . Since ri^^ C ri^^ C T^- , using (i), we get 
that for all s G 2" and all ^ G ri^^ , 

n 

(43) ra[0,l]\^s)< (^2-(^+2))0o 

1=0 

Moreover as Y.7=o 2"^'+^) < 6*0/2 and ||t^|| > 9o, we get that for all ^ G ri^\ 

(44) T^(V^,)>0o/2 

Since for all < ^ < wi, we have /ij > and ± /i^, by Lemma II6I we get that 
M/e-/c ^ ''C- Therefore 

(45) fif^.f^iVt) > T^iVt) > 60/2, 

for all s G 2" and C < ? in ri^\ 

Let (si)?^]^ be the lexicographical enumeration of 2". Using Lemma [71 Proposi- 
tion [3] and a finite induction on 1 < « < 2", we will choose for every 1 < i < 2", the 
set , the function Hg- , the pair of ordinals ,(,1) and the family jTls; satisfying 
(ii)-(vi). Suppose that for some 1 < fc < 2", {Hsi)i<k have been chosen so that 
{Hsi)i<k is an {{e^), ((5i)fro^)-biorthogonal sequence, where e'^ = (Z]r=i^^ 2"'')e/2'. 
Then by Lemma [7] there are (5,„ > and e > such that for every H G V2 with 
||ff||oo < e, the sequence Hs^, ■■■,Hs^_^,H is an ((ej^+^)jt^{^, (5^)™ o)-biorthogonal 
sequence. Clearly, we may suppose that e < £„. For each ^ < uji, let £ T such 
that /i^ = /ijj. Since Z?jr is countable, by Proposition [3l we have that {T, \\ ■ ||oo) 

f3) f2l 

is separable and so there is an uncountable subset F; ' of F; such that for all 

(46) ll/«-/clloo<e/8 

Applying also Lemma 1351 for the family J- = {/c}tpp(3) we pass to a further 
uncountable subset Fi^^_^^ of Pi^.'^j such that for every CjC € PitVn 

(47) ll/i^-zjl < (6/128)2 

We set Psfci, = and we choose ^2,^, < ^, in Psti, such that /xto 

and /i^i are weak*-condensation points of the set {/i^j^grs^.^^ • We put F — 
f^o — /^i • Since for all ^ < uji, H/jUva = li we have that ||-F||oo < 2. Moreover 



by (gSD-dlTl), we have that 

(48) MVs,+J > O0/2, < e/12, and < (e/128)2 

Let (/„)„ be a sequence in X pointwise converging to F with H/nllva < ll-P'llv'2 (see 
Remark[7]). By Proposition!^ there exist a convex block sequence (/i„)„ of (/„)„ 
and £ A such that setting H = hi — h^, for sufficiently large fc < Z, we have that 

(a) \\H\\v, < 2\\F\\v, < 4 and \\H\\^ < A\\F\\^ + e/2 < e. 
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(b) C Vs^^, and vl{H,J) > 9^/2. 

(c) For all I e A, 



vliH,I) < 4fiFiUJ) + 32\\f\\v,^fii4\\+e/2 < 8(mco^^^ + ^i^l^_^J{UI) + e 

We set Hg^^^ = H and Js^+i — J and the inductive step is completed. Finally, 
using Proposition [3 we choose a sufficiently dense finite subset Vn C [0, 1] \ Djr 
determining the quadratic variation of < {-ffs}se2" > which completes the proof of 
the inductive step. □ 

Lemma ITfl Proposition and Proposition dl] yield the following. 

Proposition 48. Let X be a subspace of V2 and suppose that X** contains an 
uncountable family T such that Djr = U/gjpZ)/ is countable and Mjr = {Ai/}/ejF' 
is non- separable. Then X contains a subspace isomorphic to the space . 



Lemma 49. LetQ = {{gs), {Is, Js))s£2<'' be a tree family such that T F = < {gs}s > 
and for every n > 0, let = Usg2"^s- Then for every f G TF** , supp jif C K, 
where K = n^o^«- 

Proof. Let / e XF** and let {fm)m be a sequence in < {gs}s > pointwise conver- 
gent to / and such that ||/„||y2 < 11/11^2- For each n > 0, let F„ : TF** — > G„ 
be the natural projection onto the finite dimensional space Gn =< {.9s}|s|<n > 
(where Go {0}). Let also h'^^^ = f„i - P,i{fm) and /i„ = / - -P„(/). Since 
Pn is w* — w* continuous, the sequence (/im)m is pointwise convergent to ft,„ and 
so supp hn C Kn. Since fi^^ = ^nd supp fj,h„ Q supp hn, we conclude that 
supp fj.f Q Kn for all n > 0. □ 

Proposition 50. The set M^p*, — {nf : f G TF** n C[0, 1]} is a non-separable 
subset of A4[0, 1]. Therefore the space is embedded into TF. 



Proof. Let Q = {{gs),ils, Js))s£2<'* be a tree family such that TF — < {gs}s >■ 
Let also (T(j)o.g2M be the almost disjoint family of dyadic subtrees in defined in 
Remark [T^ For each a e 2'*', we set Ga — ((5s), {Is, Js))seT„- As we have already 
mentioned in the definition of the space TF, Qu is also a tree family and hence the 
space X(j — < {gs}seT„ > is a copy of TF. Therefore cq is embedded into Xa- which 
gives that {X** \ X) nC[0, 1] 7^ (cf. Remark^. So for each a G 2^*, we can pick 
a f^€ X;*\Xn G[0, 1] . Setting T„ = (t J),g2« and = n„ Usg2" /tj , by Lemma 
135] we have that supp fJ-f^ ^ Ka-. Since {Ta-)„^2" is an almost disjoint family, we 
get that {K^)„fz2« is a disjoint family of compact subsets of [0, 1] and so {/i/^}(je2N 
consists of pairwise singular positive measures. As {fa}cre2fi ^ TF** n G[0, 1], 
we conclude that A^^^,. is non-separable. Finally, that S"^ is embedded into X, 
follows by Proposition Sg for T = TF** n C[0, 1] . □ 

Proposition 51. Let X be a subspace of V2 such that the space S'^ is embedded 
into X. Then the set M.x" — {f-f ■ f G X**} is a non-separable subset o/A^[0, 1]. 

Proof. Let T be an isomorphic embedding of into X and let fs = T{es), where 
{es)s be the usual basis of S"^. From |3j we have that for each a e 2^^, the sequence 
(Sfe=o f<y\k)n is pointwise converging to a function f^ e {X** \ X)r] G[0, 1]. Hence 
there exist an uncountable subset E C 2^ and (5 > such that for all cr e E, 
dist{fa,X) > S. We will show that the set {/i/^ : cr e E} C A^[0, 1] is non- 
separable. Indeed, otherwise, we can choose a norm-condensation point p, £ M[0, 1] 
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of {fia ■ <y e 2^*}. Fix also a positive integer to S N and e > 0. Then for uncountably 
many ct € E, we have that 

(49) <e/™ 

Let f7i,...,(T„i G E satisfying ([49]) and let tiq S N be such that for all n > no 
and 1 < i < j < m, ai\n _L aj\n. We set g^^ = J2n>no f'^^\^■ ^^^'^^ f<^i ~ 9'^^ = 
E,i<„o ^ "^'^ '^^'^'^ t'^^* dist{gai,X) = dist{f„.,X) > S and = pig„. . 
For every n e N, let = j:ZVo I ^ • Then 

no+n 

ii^nik. < rii E ^-^1^ .^ii^ii 

II — 

K—riQ 

Applying Proposition [33l for the continuous function g^. E X** \ X, the sequence 
{F^)n and e„ = e/m2", we obtain a convex block sequence (/i^)n of {F^)n such 
that the functions = h^n+i — h-lm satisfy the following, (i) S < HG^Uva ^ 
(ii) ||Gj,||oo < £/to22" and (iii) for every X S A, 4{Gl^,I) < V/„JuX) + e/TO22". 

By (ii) and Lemma [7l we can choose ni < ... < Um such that the finite se- 
quence (GJj.)™]^ is e/m— biorthogonal. By the definition of GJj, we have that 
^rii = Ss6F- ^sfs, where Fi is a finite subset of {ai\n : n e N}. Hence 



(50) '5<l|G:j|y, <||r||||EA 



s 6s 



< ||T|| maxIA^ 
S2 seF, 



Let Si e Fi be such that |AsJ = maxsg_F, |As|. Then by ^U^, jA^J > S/\\T\\ and so, 
since the set {si : 1 < i < m} is an antichain of 2^^^, we get that 



(51) ||EG;.||^^>pmEEA^' 

i=l II II i=l seF, 

By Lemma [TU] and (iii), for every X g ^ we have that 




^(E G;,,X) < E «2(G:,.,I«) + (4||T|| + 1)8 < 4E M/.. (UX«) + (4|1T|1 + 2)e 

2—1 2—1 i—1 

< 4^(UX) + e + (4||T|| + 2)e < 4||/i|| + (4||T|| + 3)£ 

Therefore, letting e — ^ 0, 4||^|| > X]"=i ^ln ^^'^ by ([5T|) , we get a contra- 

V2 

diction. □ 

We are finally ready to prove the main results of the paper. 

Theorem 52. Let X be a subspace 0/^2^. Then the space is embedded into X 
if and only if Mx" is non- separable. 

Proof. By Proposition [HIl if 5*^ is embedded into X then Aix" is non-separable. 
Conversely suppose that A^x** is non-separable. Then we distinguish two cases. 
If X* is separable then by Proposition [21 the set Dx** is countable and hence by 
Proposition 251 for T = X**, we get that S"^ is embedded into X. In the case X* 
is non-separable, by the space TF is embedded into X. By Proposition [50l we 
have that 6*2 is embedded into TF and hence into X. □ 

Theorem 53. Let X be a subspace ofV^. Then cq is embedded into X if and only 
if X** is non separable. 
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Proof. Suppose that X** is non separable (the other direction is obvious). If X* 
is non-separable then as we have already mentioned the space TF and hence cq is 
embedded into X. So assume that X* is separable. We distinguish the following 
cases, li A4x" is non-separable then the result follows by Theorem [52l Otherwise, 
Aix" is separable and so by Proposition [36l cq is again embedded into X. □ 
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